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Abstract

Copulas of uniform-p0, 1q random variables U and V satisfying αpUq “ βpV q

almost surely for some measure-preserving transformations α and β are called im-
plicit dependence copulas. They were recently shown to coincide with the general-
ized Markov products of Ce,α and Cβ,e with respect to a class of joining copulas
pAtqtPr0,1s. If Ce,α and Cβ,e are not two-sided invertible, then most implicit de-
pendence copulas, especially when At ” Π, are not extreme points in the class of
copulas. For a given pair of left and right invertible copulas Ce,α and Cβ,e, we
characterize extreme implicit dependence copulas in terms of the extremality of
the joining copulas in the class of subcopulas on a domain involving the invertible
copulas. This result is then extended to the multivariate case.
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1 Introduction
Two uniform-p0, 1q random variables U and V are said to be implicitly dependent if αpUq “

βpV q almost surely for some measure-preserving transformations α and β on I. The copula
of implicitly dependent random variables is called an implicit dependence copula, or IDC.
For reasons unbeknownst to the authors, the literature on implicit dependence is very
limited and we could not find any systematic study of the topic. To the best of our
knowledge, implicit dependence copulas first appeared in the literature in the context of
measures of dependence in [27]. They introduced a copula-based measure of dependence
ω˚ in the sense of Rényi [25], of which the first example is Gebelein’s maximal correlation
[11, 26]. An interesting result is that if the copula of X and Y is a factorizable copula—a
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specific type of an implicit dependence copula—then ω˚pX,Y q attains its maximum value
of 1. In light of this, a potential relationship may exist between Rényi’s measures of
dependence and implicit dependence copulas, particularly factorizable copulas.

Recently, it was shown in [1, 21] that the implicit dependence copulas correspond
exactly to the generalized Markov products of left and right invertible copulas. The
generalized Markov product of C and D in the class C of copulas with respect to a
parametric class of joining copulas A :“ pAtqtPI Ă C is defined formally by

C ˚A Dpx, yq :“

ż 1

0

AtpB2Cpx, tq, B1Dpt, yqqdt for x, y P r0, 1s. (1.1)

It has a multidimensional version that assembles a d-copula from d bivariate copulas [1].
Evidently [1, 28], pAtqtPI needs to satisfy certain measurability conditions in order for the
product (1.1) to be well-defined.

Determining the Fréchet class [9] of multivariate distributions with given marginals, in
particular whether the class contains an element, was one of the most important problems
in multivariate modeling. By Sklar’s theorem [8, 20], the answer to the case when all
marginals are univariate is affirmative and given by copulas. However, if some prescribed
marginals are multivariate, the problem becomes much more difficult and even the Fréchet
class of trivariate distributions with three given bivariate marginals might be empty [7, 29,
30]. When two bivariate marginals of three variables are given, a compatibility condition
on the other bivariate marginal can be obtained. In particular, if U1, U2, U3 are uniformly
distributed on r0, 1s where pU1, U2q „ C and pU2, U3q „ D, then the copula of U1 and U3 is
of the form C ˚AD for some A [7]. In addition, if U1 and U3 are functions of the common
factor U2, then each joining copula At is the copula of the conditional random variables
U1 | U2 “ t and U3 | U2 “ t [1]. In such a case, the complete dependence copulas C and
D are Ce,α and Cβ,e, respectively, and the copula of U1, U3 is Ce,α ˚ACβ,e. Here, e denotes
the identity map. And for f, g in the class T of measure-preserving transformations on
r0, 1s defined in page 4, the function

Cf,gpx, yq :“ λ
´

f´1pr0, xsq X g´1pr0, ysq

¯

(1.2)

defines a copula and every copula is of this form [4, 34]. When every At is the independence
copula Π, the generalized Markov product is the usual Markov product ˚ possessing nice
algebraic properties, e.g., pC , ˚q is a monoid with the identity M , the upper Fréchet-
Hoeffding bound, and the null element Π. The right and left invertible copulas are exactly
the complete dependence copulas Cf,e and Ce,g, respectively. Moreover, M is also the
identity for generalized Markov product, i.e., C ˚A M “ M ˚A C “ C. In particular,
Ce,f ˚A Cg,e is a complete dependence copula if either f or g is the identity. Since Cf,g “

Cf,e ˚Ce,g “ Cf,e ˚ACe,g for all f, g and A [28], the (generalized) Markov products of right
invertible and left invertible copulas generate all bivariate copulas. On the other hand,
the generalized Markov products of left invertible and right invertible copulas exhibit
quite a stringent property, depending on the two copulas. For each pair of α, β P T ,
different mixtures of copulas inA give a variety of generalized Markov products Ce,α˚ACβ,e
supported on the same set as shown in Figure 1. See [6, 7, 8, 28, 32] for additional studies
on generalized Markov products.

The class of complete dependence copulas is dense in C with respect to the uniform
metric d8 [18] but it is not dense under stronger topologies such as the ones induced by
the modified Sobolev norm or the B-convergence. As it contains all checkmin copulas, the
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Figure 1: Generalized Markov product Cα ˚A C
T
α with different choices of A “ pAtqtPI

class of IDCs, or equivalently the class of Ce,α ˚A Cβ,e, is certainly dense in C under these
strong topologies [19, 21]. As such, IDCs could be a tool in investigations of properties
which are continuous in a strong topology. However, the IDCs could form a class so large
that one might want to investigate the class of IDCs which are extreme elements of C
and its convex hull instead.

For fixed α, β P T , let us denote the class of generalized Markov product of Ce,α and
Cβ,e by Cα,β. So the class of IDCs is CID “

Ť

α,βPT Cα,β. Since Cα,β is convex and closed
[1] with respect to d8, the class of extreme points of Cα,β, denoted by ext pCα,βq, is always
nonempty. Clearly, extreme points of C that are in Cα,β are extreme points of Cα,β. From
the fact that µC “ kµA ` p1 ´ kqµB implies µA ! µC and µB ! µC , it is also the case
that ext pCα,βq Ď extpC q. Hence, extpC q X CID “

Ť

α,βPT ext pCα,βq and extreme points of
C in Cα,β are identical to extreme points of Cα,β. In [32, Theorem 9], the extremality of
the Markov product of Ce,α and Cβ,e, also called a factorizable copula, is characterized as
follows.

Theorem ([32]). For α, β P T , Ce,α ˚ Cβ,e is extreme if and only if λ pIα Y Iβq “ 1.

Here, Iγ denotes the injective part of γ defined in Definition 11. Under the condition
λ pIα Y Iβq “ 1, all generalized Markov products of Ce,α and Cβ,e coincide with their
Markov product [32, Lemma 8]. Consequently, Cα,β is a singleton if λ pIα Y Iβq “ 1. On
the other hand, when λ pIα Y Iβq ă 1, the class Cα,β is infinitely larger and Ce,α ˚ Cβ,e
is no longer extreme. Of course, some elements in Cα,β are extreme. See Figure 2 for
an example. It should be noted that the smaller the union Iα Y Iβ or the farther from
injectivity the functions α and β, the larger the class Cα,β. However, all generalized
Markov products of Ce,α and Cβ,e have mass concentrated on the graph of implicit relation
αpxq “ βpyq [1, 21].

In this manuscript, we expand our investigation to extreme implicit dependence cop-
ulas Ce,α ˚pAtq Cβ,e by exploring relationships between the joining copulas pAtq and the
measure-preserving transformations α, β. The contents of this manuscript are organized
as follows. All necessary background will be given in the next section. In Section 3, we
obtain a sufficient condition as well as a characterization of extreme implicit dependence
copulas (Theorems 4 and 7). Section 4 starts off giving a set of sufficient conditions for
extreme implicit dependence copulas in Theorem 15 by combining conditions given in
Section 3 and the main statement in [32]. Our main result is a complete characterization
of extreme implicit dependence copulas given in Theorem 19. The characterizing condi-
tion illustrates how the joining copulas and the two factors must be compatible to ensure
extremality. Finally, the main result is extended to the multivariate case in Section 5.
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Figure 2: Example of IDCs Ce,α ˚A Cβ,e when (top) λ pIα Y Iβq “ 1 and (bottom)
λ pIα Y Iβq ă 1

2 Background
Denote I :“ r0, 1s, B

`

resp.,BpI2q
˘

:“ the σ-algebra of Borel subsets of I (resp., I2), λ :“
Lebesgue measure on pI,Bq and L1 pIq :“ the space of λ-integrable functions on I. Let
S1, S2 be (closed) subsets of I containing 0 and 1. A (bivariate) subcopula (with domain
S1ˆS2) is a function C : S1ˆS2 Ñ I such that for all x P S1, y P S2, Cp0, yq “ 0 “ Cpx, 0q

and Cp1, yq “ y, Cpx, 1q “ x, i.e., C is grounded and has uniform marginals; and for every
rectangle B :“ rx1, x2s ˆ ry1, y2s whose vertices belong to S1 ˆ S2,

VCpBq :“ Cpx2, y2q ´ Cpx2, y1q ´ Cpx1, y2q ` Cpx1, y1q ě 0,

i.e., C is 2-increasing. In particular, if S1 and S2 are countable sets, then C is also
called a discrete copula [8, 22, 24]. And C is said to be a (bivariate) copula whenever
dompCq “ I2. Some important copulas are Π: px, yq ÞÑ xy, M : px, yq ÞÑ min tx, yu

and W : px, yq ÞÑ max tx ` y ´ 1, 0u, called the independence, comonotonic, and coun-
termonotonic copulas, respectively. Note that the class of copulas, denoted by C , has a
one-to-one correspondence with the class of doubly stochastic measures, defined as Borel
measures µ on

`

I2,BpI2q
˘

satisfying µ pA ˆ Iq “ µ pIˆAq “ λpAq for all A P B. The
definition of subcopulas also implies that every subcopula is non-decreasing in each vari-
able and Lipschitz with respect to the ℓ1-norm on S1 ˆS2. Consequently, the first partial
derivatives of every copula exist almost everywhere with values in r0, 1s. See [8, 20] for
other basic properties of subcopulas and copulas.

Let pX,X , µq and pY,Y , νq be probability spaces. A measure-preserving transforma-
tion (from X to Y ) is a measurable function f : X Ñ Y satisfying µ pf´1pBqq “ νpBq

for every B P Y . The class of such maps is denoted by T pX,Y q. In particular, we
let T :“ T pI, Iq when pX,X , µq “ pY,Y , νq “ pI,B, λq. In this manuscript, X and
Y are usually Borel sets in I; X and Y are the σ-algebras of all Borel subsets of X
and Y , respectively; and µ and ν are Lebesgue measures restricted to the corresponding
σ-algebras.

Continuous random variables X and Y with X „ F and Y „ G are said to be
implicitly dependent if there exist Borel functions f and g such that fpXq “ gpY q a.s. and
f ˝ F´, g ˝ G´ P T , where A´puq :“ inf tx P R : Apxq ě uu is the quantile function of A.
X and Y are completely dependent if Y is a Borel function of X or vice versa. Whenever
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X and Y are implicitly/completely dependent continuous random variables, their copula
CpX,Y q is called an implicit/complete dependence copula. The classes of such copulas are
denoted by CID and CCD, respectively.

Let D be a convex space, i.e., a subset of a vector space for which αA` p1 ´ αqB P D
for every A,B P D and α P r0, 1s. Examples of convex spaces are C and the class of
n ˆ n doubly stochastic matrices for fixed n. A non-negative matrix is doubly stochastic
if every row and column sums to 1, making it a discrete version of copulas. An element
E P D is said to be extreme if E cannot be written as a strict convex sum of two distinct
elements of D , i.e., whenever E “ αA ` p1 ´ αqB for some A,B P D and α P p0, 1q

then A “ B “ E. By Birkhoff’s Theorem, see [13, 17], every n ˆ n extreme doubly
stochastic matrix is a permutation matrix. However, characterizing extreme copulas is
not at all simple. Some known facts on extreme copulas are that all extreme copulas
are singular [16] and that, for every copula of the form Cf,g as defined in (1.2), the
extremal property depends only on f´1pBq and g´1pBq. That is, if f1, g1 P T satisfy
f´1pBq « f´1

1 pBq and g´1pBq « g´1
1 pBq,1 then Cf,g is extreme if and only if Cf1,g1 is

extreme [34]. The extremality of copulas or doubly stochastic measures (DSMs) have
been studied for more than half a century. For instance, extreme DSMs are studied and
characterized in functional analysis terms in [5, 16]; they are analyzed using the notion
of loops and forests borrowed from graph theory in [2, 12]; and the extremal property of
factorizable copulas is investigated in [23, 32].

Denote 1 :“ 1I. A Markov operator [8] is a linear map T : L1pIq Ñ L1pIq such that
T is positive, T1 “ 1, and

ş

I Tf dλ “
ş

I f dλ for all f P L1pIq. Let M be the class of
Markov operators. Then every T P M has unit norm and its adjoint operator T ˚, once
extended from L8pIq to L1pIq, is also a Markov operator. An important subclass of M
is the class of Tψ : f ÞÑ f ˝ ψ for ψ P T . The identity T ˚

ψ ˝ Tψ “ Te implies that Tψ and
T ˚
ψ are left and right invertible, respectively. Moreover, the class pM , ˝q and pC , ˚q are

isomorphic by the mappings Ψ: M Ñ C and Φ: C Ñ M , where

ΨpT qpx, yq “

ż x

0

“

T1r0,ys

‰

psq ds and rΦpCqf s pxq “
d

dx

ż 1

0

B2Cpx, tqfptq dt.

In addition, ΨpS ˝ T q “ ΨpSq ˚ ΨpT q and ΦpC ˚ Dq “ ΦpCq ˝ ΦpDq for S, T P M and
C,D P C . Finally, the above correspondence yields that

B1Cpx, yq “ TC1r0,yspxq for a.e. px, yq P I2 (2.1)

for every copula C with corresponding Markov operator TC :“ ΦpCq.

3 Simple extreme implicit dependence copulas
For α, β P T , the extremality of implicit dependence copulas Ce,α ˚pAtq Cβ,e, where
tAt : t P Iu is a singleton consisting of M , W or Π was investigated in [32, Theorems
17 and 9]. In this section, we explore two sets of conditions under which Ce,α ˚pAtq Cβ,e
is extreme. The first, derived in Subsection 3.1, is that tAt : t P Iu Ď tM,W u, which
directly generalizes [32, Theorem 17]. From this result stated in Theorem 4, one might
draw a premature conclusion that if each At is extreme then Ce,α ˚pAtqCβ,e is extreme. The

1Here, R « S , for sub-σ-algebras R,S Ď B, means for each R P R there is S P S such that
λ pR△Sq “ 0 and for each S P S there is R P R such that λ pR△Sq “ 0 where R△S “ pRzSq Y pSzRq.

5



second set of conditions in Subsection 3.2 is more complex and involves the extremality
of transformation matrices induced by At. Since all transformation matrices induced by
M or W are always extreme, Theorem 7 yields Theorem 4 provided that α and β are
countably piecewise monotonic surjections. Moreover, it provides better insight into how
the extremality of each At should be assumed in relation to α and β. This leads to a
complete characterization of extreme implicit dependence copulas in Section 4.

3.1 Extremality of implicit dependence copulas whose joining
copulas are the Fréchet-Hoeffding bounds

Hereafter, for brevity, the product ˚pAtq may be written as ˚A if At ” A for almost all t.
By [32, Theorems 17], if A “ M or W , then every Ce,α ˚A Cβ,e is an extreme element.
In this subsection, we investigate the extremality of copulas obtained from combining
these two cases, i.e., the implicit dependence copulas of the form Ce,α ˚pAtq Cβ,e where
At “ W on S and At “ M on I zS a.e. for some Borel subset S of I. By the definition of
C :“ Ce,α ˚pAtq Cβ,e, the doubly stochastic Borel measure µC is uniquely defined from its
value for rectangles R :“ pa, bs ˆ pc, ds Ď I2. In fact, µC “ µC,I where

µC,S pRq “

ż

S

VAt ppB2Ce,αpa, tq, B2Ce,αpb, tqs ˆ pB1Cβ,ept, cq, B1Cβ,ept, dqsq dλptq, (3.1)

for S P B. Furthermore, it satisfies the following properties which are inspired by [1,
Theorem 2.7].

Lemma 1. Let α, β P T , pAtqtPI Ď C and S P B with λpSq ą 0. If C :“ Ce,α ˚pAtq Cβ,e
then µC,S pGrα,βpS 1qq “ λpS X S 1q where Grα,βpBq :“

␣

px, yq P I2 : αpxq “ βpyq P B
(

.

Proof. Let U, V „ Up0, 1q and C the copula of pU, V q. Then Z :“ αpUq „ Up0, 1q

and, by [32, Theorem 6], αpUq “ βpV q a.s. Moreover, pU,Zq „ Ce,α and pZ, V q „

Cβ,e. Now, At pB2Ce,αpu, tq, B1Cβ,ept, vqq can be interpreted as the conditional probability
P pU P r0, us, V P r0, vs | αpUq “ βpV q “ tq (see [1]). Then for any rectangle R :“ pa, bs ˆ

pc, ds Ď I2, the integrand of µC,S pRq (see (3.1)) equals P ppU, V q P R | αpUq “ βpV q “ tq
which implies by the disintegration theorem [15] that

µC,S pRq “

ż

S

P ppU, V q P R | αpUq “ βpV q “ tq dλptq “ P ppU, V q P R X Grα,βpSqq .

(3.2)
Hence, (3.2) holds for any R P BpI2q. In particular, µC,S pGrα,βpS 1qq “ P ppU, V q P

Grα,βpS 1 X Sqq “ µC,SXS1

`

I2
˘

“
ş

SXS1 VAtpIˆ Iq dλptq “
ş

SXS1 dλptq “ λpS X S 1q.

As a consequence, µC can be split into two measures with essentially disjoint supports.
Verifying the extremality of µC amounts to proving that of each component separately.
The next tool involves the generalized Markov product of left and right invertible copulas.
Proved by a simple change of variable, the following lemma says essentially that shuffling
the invertible copulas amounts to reordering the joining copulas.

Lemma 2. Let α, β P T and pAtqtPI be a collection of joining copulas. Then for φ P Tinv,
Ce,φ˝α ˚pAtq Cφ˝β,e “ Ce,α ˚pAφptqq

Cβ,e. Moreover, if ψ is an essential inverse of φ, then
Ce,φ˝α ˚pAψptqq

Cφ˝β,e “ Ce,α ˚pAtq Cβ,e.
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Proof. It clearly suffices to verify only the first statement. For x, y, t P I,

B2Ce,φ˝αpx, tq “ B1Cφ˝α,ept, xq “ T ˚
φ˝α1r0,xsptq “ pTψ ˝ T ˚

α q1r0,xsptq

“ T ˚
α1r0,xs pψptqq “ B1Cα,e pψptq, xq “ B2Ce,α px, ψptqq

and B1Cφ˝β,ept, yq “ B1Cβ,e pψptq, yq. Hence, by a change of variable,

Ce,φ˝α ˚pAtq Cφ˝β,epx, yq “

ż 1

0

At pB2Ce,φ˝αpx, tq, B1Cφ˝β,ept, yqq dt

“

ż 1

0

At pB2Ce,α px, ψptqq , B1Cβ,e pψptq, yqq dt

“

ż 1

0

Aφptq pB2Ce,α px, tq , B1Cβ,e pt, yqq dt

“ Ce,α ˚pAφptqq
Cβ,epx, yq.

Several theorems in this manuscript rely on the following key result, whose proof is a
consequence of results in [1, 21].

Lemma 3. If a doubly stochastic measure µC1 is absolutely continuous with respect to
µC, written µC1 ! µC, for some implicit dependence copula C “ Ce,α ˚A Cβ,e then C1

is necessarily an implicit dependence copula, i.e., there is A1 :“ tA1
tutPI Ď C such that

C1 “ Ce,α ˚A1 Cβ,e. Recall that µC1 ! µC means µC1pRq “ 0 whenever µCpRq “ 0 for all
R P BpI2q.

Proof. From [1, Theorem 2.7] or [21, Theorem 5], C “ Ce,α ˚A Cβ,e is an implicit de-
pendence copula of some pair of standard uniform random variables concentrated on the
graph αpxq “ βpyq. As a consequence, µC pGrα,βpIqq “ 1. It then follows from the as-
sumption that µC1 pGrα,βpIqq “ 1. Thus by [1, Theorem 2.7] or [21, Theorem 10], there
exists a parametric family A1 Ď C such that C1 “ Ce,α ˚A1 Cβ,e.

We are now ready to verify the extremality of implicit dependence copulas in a more
general form than those studied in [32, Theorem 17].

Theorem 4. Let α, β P T , S P B and pAtqtPI Ď C be such that At “

#

W if t P S;

M if t P I zS.

Then Ce,α ˚pAtq Cβ,e is extreme.

Proof. In light of [32, Theorem 17] in which the statement is proved for S “ ∅ or r0, 1s,
we suppose that 0 ă λpSq ă 1. By the rearrangement theorem [3, Theorem 4.3], there
exists φ P Tinv with essential inverse ψ such that ψpSq “ r0, λpSqq and ψpI zSq “ rλpSq, 1s.
Thus by Lemma 2, C :“ Ce,α ˚pAtq Cβ,e “ Ce,φ˝α ˚pAψptqq

Cφ˝β,e “ Ce,α1 ˚pAsq Cβ1,e, where
α1 :“ φ ˝ α, β1 :“ φ ˝ β and s :“ ψptq which also gives As “ W1r0,λpSqqpsq `M1rλpSq,1spsq.
For concise notation, we let s “ λpSq and shall revert to the original setup with S “ r0, ss.

To show that C is extreme, suppose µC “ kµC1 ` p1 ´ kqµC2 for some C1, C2 P C and
k P p0, 1q. Then µC1 ! µC and µC2 ! µC which imply by Lemma 3 that C1 “ Ce,α˚pPtqCβ,e
and C2 “ Ce,α ˚pQtq Cβ,e for some pPtqtPI , pQtqtPI Ď C . Setting D1 :“ Ce,α ˚W Cβ,e, D2 :“
Ce,α ˚M Cβ,e and Grα,βpBq :“

␣

px, yq P I2 : αpxq “ βpyq P B
(

for B P B, µD1,S, µC1,S, µC2,S

become measures with mass concentrated on Grα,βpSq. Likewise, µD2,I zS, µC1,I zS, µC2,I zS

are measures supported on Grα,βpI zSq. In addition,

µC “ µD1,S ` µD2,I zS, µC1 “ µC1,S ` µC1,I zS and µC2 “ µC2,S ` µC2,I zS.
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Since Grα,βpSq and Grα,βpI zSq are disjoint, we obtain µD1,S “ kµC1,S ` p1 ´ kqµC2,S and
µD2,I zS “ kµC1,I zS ` p1 ´ kqµC2,I zS. Now, similar to the proof in [32, Theorem 17], the
measures µD1,S and µD2,I zS are extreme, so µD1,S “ µC1,S “ µC2,S and µD2,I zS “ µC1,I zS “

µC2,I zS which imply that µC “ µC1 “ µC2 , i.e., C is extreme as desired.
Example 5. Let f, g P T be defined, as shown in Figure 3, by

fpxq “

$

’

&

’
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3
2
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3
;
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6
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;
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12
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Figure 3: Graphs of functions f and g as well as the support of Ce,f ˚ Cg,e in Example 5

extreme by [32, Theorem 5]. When the usual Markov product is changed into generalized
Markov products with joining copulas as a mixture of W and M , we obtain various
extreme copulas as shown in Figure 4. However, the support of Ce,f ˚pAtq Cg,e is invariant
on Grf,g
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for every collection of joining copulas.

At “ W

0

1
4

5
12

3
4

1

1
3

5
6

1

At “ M

0

1
4

5
12

3
4

1

1
3

5
6

1

At “ W1r0, 13 sptq ` M1p 1
3 ,1s

ptq

0

1
4

5
12

3
4

1

1
3

5
6

1

At “ M1r0, 13 sptq ` W1p 1
3 ,1s

ptq

0

1
4

5
12

3
4

1

1
3

5
6

1

Figure 4: Support of Ce,f ˚pAtqCg,e for f and g discussed in Example 5 where pAtq Ď tW,Mu

3.2 Extreme countably piecewise monotonic surjection implicit
dependence copulas

Countably piecewise monotonic surjection (CPMS) implicit dependence copulas, the class
of which is denoted by CPMID, were first introduced in [21] as copulas of U, V „ Up0, 1q
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satisfying αpUq “ βpV q a.s. for some CPMSs α, β. Here, α P T is a CPMS function,
written α P TCPMS, if there is a countable set I and a partition (a.e.) P :“ tInunPI of r0, 1s

consisting of open intervals In :“ pan, bnq such that each αn :“ α |In is a strictly monotonic
function from In onto p0, 1q. Recall [3] that B1Ce,αpx, tq “ 1r0,tspαpxqq for α P T . For
α P TCPMS with partition tIp :“ pap, bpqupPI , we say that Im ă In if bm ď an and that
Im ĺ In if Im ă In or Im “ In. It is shown in [21] that for x P In

B2Ce,αpx, tq “ µxnptq :“

#

µă
n ptq if x ă α´1

n ptq;

µĺ
n ptq if x ą α´1

n ptq,
(3.3)

where µă
n ptq :“

ř

IiăIn
1

|α1pα´1
i ptqq| and µĺ

n ptq :“
ř

IiĺIn
1

|α1pα´1
i ptqq| . Let β P TCPMS with

partitions tJquqPJ and ηă
q ptq and ηĺ

q ptq be defined for β in the same way as µă
p ptq and

µĺ
p ptq for α. Clearly, tIp ˆ Jqu is a rectangular partition (a.e.) of I2. The equation (3.1)

for pa, bs Ď Ip, pc, ds Ď Jq and S “ I becomes

µC ppa, bs ˆ pc, dsq “

ż

r0,1s

VAt
``

µapptq, µ
b
pptq

‰

ˆ
`

ηcqptq, η
d
q ptq

‰˘

dλptq.

Let us define the notion of transformation matrix with respect to countable partitions,
generalizing finite transformation matrices utilized in [10].

Definition 6. Given two countable partitions of I: P “ tIpupPI and Q “ tJquqPJ ,
where Ip and Jq are open intervals, a transformation matrix is a non-negative matrix
T “ rtpqspp,qqPIˆJ for which the sum along each column p is λpIpq and the sum along
each row q is λpJqq, i.e.,

ř

qPJ tpq “ λpIpq and
ř

pPI tpq “ λpJqq. Accordingly, P and Q
are called the corresponding horizontal partition and vertical partition of I, respectively.
Let MpP,Qq denote the class of transformation matrices whose horizontal and vertical
partitions of I are P and Q, respectively. Under element-wise operations, MpP,Qq is
clearly convex. Its extreme points shall be studied in relation to the extremality of implicit
dependence copulas.

For each t P I, since B2Ce,αp¨, tq and B1Cβ,ept, ¨q can be extended to distribution func-
tions, the collections

P ptq :“
␣

I 1
pptq :“

`

µă
p ptq, µĺ

p ptq
˘(

pPI and Qptq :“
␣

J 1
qptq :“

`

ηă
q ptq, ηĺ

q ptq
˘(

qPJ (3.4)

are two partitions (a.e.) of I. So Rptq :“
␣

Rp,qptq :“ I 1
pptq ˆ J 1

qptq
(

pp,qqPIˆJ is a rectangular
partition (a.e.) of I2. Given pAtqtPI Ď C , each t P I gives a transformation matrix T pAtq :“
rap,qptqs

pp,qqPIˆJ , where ap,qptq :“ VAt pRp,qptqq. Moreover, the value of At at pertinent
points can be determined from T pAtq by

At
`

µÌ
p ptq, ηŸ

q ptq
˘

“
ÿ

IiÌIp

ÿ

Jj Ÿ Jq

ai,jptq (3.5)

where Ì and Ÿ are either ă or ĺ. Conversely, for a given transformation matrix T “ raijs
with horizontal and vertical partitions P and Q, respectively, (3.5) can be used to define
a subcopula A on BP ˆ BQ for which T pAq “ T . Here, BP (resp., BQ) is the set of all
endpoints of open intervals in P (resp., Q).

9



Theorem 7. Let α, β P TCPMS with countable partitions tIpupPI and tJquqPJ , respectively.
and pAtqtPI a collection of joining copulas. For each t P I, let P ptq and Qptq be defined
by (3.4) and T pAtq :“ rVAt pRp,qptqqs

pp,qqPIˆJ . Then C :“ Ce,α ˚pAtq Cβ,e is extreme if and
only if T pAtq is extreme in MpP ptq, Qptqq for Lebesgue-almost every t P I.

Extremality of T pAtq, for each t, has many equivalent statements, see e.g. [16, 22, 24].
To prove Theorem 7, we need the following results.

Proposition 8. Let α, β P TCPMS. For pp, qq P I ˆ J , if px, yq P Ip ˆ Jq satisfies
αpxq “ βpyq, then there exists a rectangle Sx,y in I2 such that

µCeα˚pAtqCβepSx,yq “

ż αpxq

0

VAt pRp,qptqq dt,

whereRp,qptq “
`

µă
p ptq, µĺ

p ptq
˘

ˆ
`

ηă
q ptq, ηĺ

q ptq
˘

. In fact, Sx,y “ α´1
p pr0, αpxqsqˆβ´1

q pr0, βpyqsq.

Proof. It follows from the definition that if S “ ra, bs ˆ rc, ds, then µCeα˚pAtqCβepSq “
ş1

0
VAtpSptqq dt where Sptq “ rB2Ce,αpa, tq, B2Ce,αpb, tqs ˆ rB1Cβ,ept, cq, B1Cβ,ept, dqs. Fix

pp, qq P I ˆ J and x P Ip. Let y P Jq be such that αpxq “ βpyq and choose S “ Px ˆ Qy

where

Px “

#

rap, xs if αp is increasing;
rx, bps if αp is decreasing,

and Qy “

#

rcq, ys if βq is increasing;
ry, dqs if βq is decreasing.

If S “ rap, xsˆrcq, ys, i.e., both αp and βq are increasing, then Sptq “
“

µă
p ptq, B2Ce,αpx, tq

‰

ˆ
“

ηă
q ptq, B1Cβ,ept, yq

‰

. Applying (3.3) to α and β yields
ż 1

0

VAtpSptqq dt “

ż αpxq

0

VAt
`

rµă
p ptq, µĺ

p ptqs ˆ rηă
q ptq, ηĺ

q ptqs
˘

dt

`

ż 1

αpxq

VAt
`

rµă
p ptq, µă

p ptqs ˆ rηă
q ptq, ηă

q ptqs
˘

dt

“

ż αpxq

0

VAt pRp,qptqq dt.

The other three cases where αp or βq is decreasing can be proved similarly.

Lemma 9. With the same notations as in Theorem 7, if pBtqtPI and pCtqtPI are such that
Ce,α ˚pAtq Cβ,e “ 1

2
Ce,α ˚pBtq Cβ,e ` 1

2
Ce,α ˚pCtq Cβ,e, then T pAtq “ 1

2
T pBtq ` 1

2
T pCtq a.e.

Proof. By the correspondence between copulas and doubly stochastic measures, µDpAqpSq “
1
2
µDpBqpSq ` 1

2
µDpCqpSq where DpEq :“ Ce,α ˚pEtq Cβ,e, for E P tA,B,Cu, and S :“

ra, bs ˆ rc, ds Ď I2. It then follows from Proposition 8 that for pp, qq P I ˆ J and x P Ip,
ż αpxq

0

VAt pRp,qptqq dt “
1

2

ż αpxq

0

VBt pRp,qptqq dt `
1

2

ż αpxq

0

VCt pRp,qptqq dt.

Since α|Ip is surjective, VAt pRp,qptqq “ 1
2
VBt pRp,qptqq ` 1

2
VCt pRp,qptqq for a.e. t. Hence,

T pAtq “ 1
2
T pBtq ` 1

2
T pCtq a.e. as desired.

We are ready to prove Theorem 7.
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Proof of Theorem 7. pñq Suppose that, for t in a Borel set E of positive measure, there
exist distinct rbp,qptqs and rcp,qptqs in M pP ptq, Qptqq whose average is equal to T pAtq. Let
us define copulas Bt and Ct for each t P I as follows. If t P E, let Bt and Ct be the
copulas satisfying (3.5) for the transformation matrices rbp,qptqs and rcp,qptqs, respectively.
Their existence is guaranteed by the bilinear interpolation. If t R E, let Bt “ Ct :“ At.
From the construction, T pBtq “ rbp,qptqs and T pCtq “ rcp,qptqs for t P E and T pAtq “
1
2
T pBtq ` 1

2
T pCtq for a.e. t. So µC “ 1

2
µCe,α˚pBtqCβ,e ` 1

2
µCe,α˚pCtqCβ,e and it remains to show

that µC1 :“ µCe,α˚pBtqCβ,e and µC2 :“ µCe,α˚pCtqCβ,e are not equal. Since Bt ‰ Ct for all
t P E and IˆJ is countable, there exists an index pp, qq P IˆJ and a measurable subset
E 1 Ď E of positive measure such that ap,qptq “ 1

2
bp,qptq ` 1

2
cp,qptq where bp,qptq ‰ cp,qptq

for t P E 1. This implies that there is a rectangle S Ď Ip ˆ Jq, defined as in the proof
of Proposition 8, satisfying µC1pSq ´ µC2pSq “

ş

r0,αpxqsXE1 pbp,qptq ´ cp,qptqq dλptq ‰ 0. So
µC1 ‰ µC2 and C “ Ce,α ˚pAtq Cβ,e is not extreme.

pðq Suppose that µC “ 1
2
µ1 ` 1

2
µ2 for some doubly stochastic measures µ1, µ2 with

µ1 ‰ µ2. Then µi ! µC for i “ 1, 2 and, by Lemma 3, µ1 “ µCe,α˚pBtqCβ,e and µ2 “

µCe,α˚pCtqCβ,e for some pBtqtPI, pCtqtPI Ď C . By Lemma 9, T pAtq “ 1
2
T pBtq ` 1

2
T pCtq a.e. t.

Since µ1 ‰ µ2, there is an index pp, qq P IˆJ and a rectangle S Ď IpˆJq chosen as in the
proof of Proposition 8 such that µ1pSq ‰ µ2pSq, i.e.,

şαpxq

0
bp,qptq dt “

ş1

0
VBt pSptqq dt ‰

ş1

0
VCt pSptqq dt “

şαpxq

0
cp,qptq dt for some x P Ip. Consequently, there is a measurable set

E Ď I with λpEq ą 0 such that bp,qptq ‰ cp,qptq, i.e., T pBtq ‰ T pCtq, for every t P E.
Therefore, T pAtq is not extreme on E.

Example 10. Let α, β P TCPMS be defined, as shown in Figure 5, by

αpxq “

$

’

’

’

&

’

’

’

%

3x if 0 ď x ď 1
6
;

2x ` 1
6

if 1
6

ă x ď 5
12
;

11
6

´ 2x if 5
12

ă x ď 2
3
;

3
2

´ 3
2
x if 2

3
ă x ď 1

and βpyq “

$

’

&

’

%

1 ´ 4y if 0 ď y ď 1
4
;

2y ´ 1
2

if 1
4

ă y ď 3
4
;

4y ´ 3 if 3
4

ă y ď 1.

α

0

1
2

1

1
6

5
12

2
3

1

β

0

1

1
4

3
4

1

Ce,α ˚ Cβ,e

0

1
4

3
4

1

1
6

5
12

2
3

1

Figure 5: Graphs of functions α and β and the support of Ce,α ˚ Cβ,e in Example 10

Note that P ptq “

#

␣`

0, 1
3

˘

,
`

1
3
, 1
˘(

if 0 ă t ă 1
2
;

␣`

0, 1
2

˘

,
`

1
2
, 1
˘(

if 1
2

ă t ă 1,
and Qptq “

␣`

0, 1
4

˘

,
`

1
4
, 3
4

˘

,
`

3
4
, 1
˘(

for

all t P I, which generate a collection of 2 ˆ 3 transformation matrices in MpP ptq, Qptqq

for a given family of joining copulas pAtqtPI.

• If At ” Π then T pAtq is not extreme in MpP ptq, Qptqq for a.e. t. In fact,

T pAtq “

»

–

1
12

1
6

1
6

1
3

1
12

1
6

fi

fl for t P

ˆ

0,
1

2

˙

and T pAtq “

»

–

1
8

1
8

1
4

1
4

1
8

1
8

fi

fl for t P

ˆ

1

2
, 1

˙

.
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• If At ” Ce,s1 where s1pxq “

#

x ` 1
2

if 0 ď x ď 1
2
;

x ´ 1
2

if 1
2

ă x ď 1,
then, in MpP ptq, Qptqq, T pAtq

is not extreme for t P
`

0, 1
2

˘

but extreme for t P
`

1
2
, 1
˘

. In fact

T pAtq “

»

–

1
12

1
6

1
4

1
4

0 1
4

fi

fl for t P

ˆ

0,
1

2

˙

and T pAtq “

»

–

1
4

0
1
4

1
4

0 1
4

fi

fl for t P

ˆ

1

2
, 1

˙

.

• If At ” Ce,s2 where s2pxq “

#

1 ´ x if 0 ď x ď 1
2
;

x ´ 1
2

if 1
2

ă x ď 1,
then T pAtq is extreme in

MpP ptq, Qptqq for a.e. t. In fact,

T pAtq “

»

–

1
4

0
1
12

5
12

0 1
4

fi

fl for t P

ˆ

0,
1

2

˙

and T pAtq “

»

–

1
4

0
1
4

1
4

0 1
4

fi

fl for t P

ˆ

1

2
, 1

˙

.

The graphs of s1, s2 and the supports of Ce,α ˚pAtq Cβ,e where At “ Ce,s1 and Ce,s2 for
a.e. t P I are shown in Figure 6. In the supports of Ce,α ˚pAtq Cβ,e, the orange and green
segments represent extreme and non-extreme parts, respectively.

A “ Ce,s1

0

1
2

1

1
2

1

Ce,α ˚A Cβ,e

0

1
4

3
4

1

1
6

5
12

2
3

1

A “ Ce,s2

0

1
2

1

1
2

1

Ce,α ˚A Cβ,e

0

1
4

3
4

1

1
6

5
12

2
3

1

Figure 6: Supports of joining copula A and the corresponding product Ce,α ˚A Cβ,e for α
and β discussed in Example 10 and shown in Figure 5, where (left) A “ Ce,s1 and (right)
A “ Ce,s2

4 Characterization of extreme implicit dependence
copulas

Outcomes in Section 3 are combined to build a set of sufficient conditions (Theorem 15)
for the extremality of copulas in CID. This then hints on how to set up a general condition
(Theorem 19) that characterizes extreme implicit dependence copulas. Let C P CID be
such that αpUq “ βpV q a.s. for some α, β P T and U, V „ Up0, 1q. By Lemma 1, µC can
be split into several parts according to the values of αpUq (or βpV q).

Definition 11. Let α P T . Define the following parts in the range of α.

• The injective part of α is defined as Iα :“ tt P I : cardpα´1ptqq “ 1u, where cardpAq

is the cardinality of A. Without loss of generality, Iα is assumed to be a Borel set.

12



• An open interval B is called a CPMS interval of α if α |α´1pBq : α
´1pBq Ñ B is

a CPMS function in T pα´1pBq, Bq. That is, there exists a countable set I with
at least two elements and a partition (a.e.) PB :“ tInunPI of α´1pBq consisting of
open intervals such that α|In is a strictly monotonic function from In onto B. And
a CPMS part is a maximal CPMS interval whose existence is guaranteed by Zorn’s
lemma. It is evident that the Borel set ICPMS

α :“ 9Ť tB : B is a CPMS part of αu

and Iα are disjoint.
Clearly, an open subinterval of a CPMS interval is also a CPMS interval. Moreover,

there are at most countably many CPMS parts.
Recall [32] that if t P Iα then B2Ce,αpx, tq “ 1r0,xs pα´1ptqq a.e. In fact, the converse

also holds.
Lemma 12. Let ψ P T and A P B with λpAq ą 0. Then T ˚

ψ1A “ 0 a.e. on I zψpAq and
T ˚
ψ1A ą 0 a.e. on ψpAq.

Proof. By the measurability of ψpAq, there exists D P B containing ψpAq with λpDq “

λ pψpAqq. So if B P B is such that λ pB X ψpAqq “ 0, then λ pB X ψpAqq “ λ pB X Dq “

λ pψ´1pBq X ψ´1pDqq ě λ pψ´1pBq X Aq, i.e., λ pA X ψ´1pBqq “ 0. Hence
ż

B

T ˚
ψ1A dλ “

ż

I
1A ¨ Tψ1B dλ “

ż

I
1AXψ´1pBq dλ “ 0.

Since B is an arbitrary Borel subset of I zψpAq, T ˚
ψ1A “ 0 a.e. on I zψpAq.

To show the second part, suppose that B is a positive-measure Borel subset of ψpAq for
which λ pA X ψ´1pBqq “ 0. This implies thatA Ď ψ´1pBq 9Yψ´1 pψpAqzBq Ď ψ´1 pψpAqzBq

a.e. and then B Ď ψpAq Ď ψpAqzB a.e. which is a contradiction. Hence,
ş

B
T ˚
ψ1A dλ “

λ pA X ψ´1pBqq ą 0 for all B Ď ψpAq. Thus, T ˚
ψ1A ą 0 a.e. on ψpAq.

Lemma 13. For α P T , it holds for a.e. t that t P Iα if and only if B2Ce,αpx, tq P t0, 1u

for a.e. x P I.
Proof. The “only if” part is shown in [32, Lemma 7]. For the “if” part, it suffices to show
thatAα Ď Iα a.e., i.e., λ pAα X Iαq “ λ pAαq, whereAα :“ tt P I : B2Ce,αpx, tq P t0, 1u a.e. xu.
For each t P Aα, since B2Ce,αpx, tq is increasing in x, there exists gptq P I such that

T ˚
α1r0,xsptq “ B2Ce,αpx, tq “ 1rgptq,1spxq “ 1r0,xs ˝ gptq a.e. x. (4.1)

We then claim that, for a.e. x and a.e. a P α´1 pAαq, 1r0,xs pgpαpaqqq “ 1r0,xspaq, which
yields that t P Iα. In fact, if t “ αpaq “ αpbq then 1r0,xspaq “ B2Ce,αpx, tq “ 1r0,xspbq a.e. x
and a “ b. To prove the claim, suppose a P r0, xs. Then αpaq P αr0, xs and, by Lemma
12, T ˚

α1r0,xs pαpaqq ą 0. By (4.1), 1r0,xs ˝ g pαpaqq “ 1, i.e., gpαpaqq P r0, xs. Conversely, if
gpαpaqq P r0, xs, then 1 “ 1r0,xs˝g pαpaqq “ T ˚

α1r0,xs pαpaqq “ 1´T ˚
α1px,1s pαpaqq. Therefore,

T ˚
α1px,1s pαpaqq “ 0 and, by Lemma 12, αpaq R αpx, 1s. This implies that a R px, 1s, that is
a P r0, xs.

On the other hand, if t P ICPMS
α , then the value of B2Ce,αpx, tq satisfies the following

statement.
Lemma 14. Let an open interval B be a CPMS part of α P T , i.e., there exists a partition
(a.e.) PB :“ tIn :“ pan, bnqunPI of α´1pBq such that each α |In is a strictly monotonic
function from In onto B. Then for p P I and a.e. px, tq P Ip ˆ B,

B2Ce,αpx, tq “

#

µă
p ptq if x ă α´1

p ptq;

µĺ
p ptq if x ą α´1

p ptq,

13



where µă
p and µĺ

p are defined in Subsection 3.2. Otherwise, for a.e. px, tq P pI zα´1pBqqˆB,
B2Ce,αpx, tq “ µĺ

p ptq “ µă
q ptq for a unique pair p, q P I satisfying bp ă x ă aq. Let bp “ 0

if Iq is the leftmost interval, and aq “ 1 if Ip is the rightmost interval in α´1pBq.

Proof. It follows directly from (2.1) that T ˚
α1r0,xsptq “ B1Cα,ept, xq “ B2Ce,αpx, tq, which,

by [14], is equal to
ř

iPI
1

|α1pα´1
i ptqq|

1r0,xs

`

α´1
i ptq

˘

for a.e. t P B and x P I. Hence the result
follows from the definition of µă

n ptq and µĺ
n ptq.

By combining the main result in [32], Theorem 4 and Theorem 7, we obtain broader
sufficient conditions for implicit dependence copulas to be extreme.

Theorem 15. Let α, β P T and pAtqtPI be a collection of joining copulas satisfying the
following properties.

1. For a.e. t P I0 :“ Iα Y Iβ, At pB2Ce,αpx, tq, B1Cβ,ept, yqq is measurable in t for
a.e. px, yq P I2.

2. For a.e. t P I1 :“ ICPMS
α X ICPMS

β , T pAtq :“
“

VAt
`

I 1
pptq ˆ J 1

qptq
˘‰

pp,qqPIˆJ is extreme
in M pP ptq, Qptqq. Here, P ptq “

␣

I 1
pptq

(

pPI and Qptq “
␣

J 1
qptq

(

qPJ as in (3.4) are
defined from α |α´1pBq and β |β´1pBq, respectively, where B is a CPMS part in I1.

3. There is a Borel set S Ď I z pI0 Y I1q such that At “ W for a.e. t P S and At “ M
for t P I z pI0 Y I1 YSq.

Then C :“ Ce,α ˚pAtq Cβ,e is extreme.

Proof. By Lemma 1, µC “ µC,I0 `µC,I1 `µC,I zpI0 Y I1q where µC,E is defined by the integral
in (3.1). We then show that the three components are extreme.

• µC,I0 : Since B2Ce,αpx, tq, B1Cβ,eps, xq P t0, 1u for a.e. t P Iα, a.e. s P Iβ and x P I,

VAt pRptqq “ pB2Ce,αpb, tq ´ B2Ce,αpa, tqq pB1Cβ,ept, dq ´ B1Cβ,ept, cqq “ VΠ pRptqq

for a.e. t P I0 where R :“ ra, bs ˆ rc, ds Ď I2 and Rptq :“ rB2Ce,αpa, tq, B2Ce,αpb, tqs ˆ

rB1Cβ,ept, cq, B1Cβ,ept, dqs. This gives µC,I0pRq “ µCe,α˚Cβ,e,I0pRq and so, by a similar
proof to that in [32], µC,I0 is extreme.

• µC,I1 : Clearly, I1 is the union of (non-empty) intersections of CPMS parts of α and
β. So µC,I1 is the sum of µC,Bαi XBβj

where Bα
i and Bβ

j are CPMS parts of α and β,
respectively. By a variant of Theorem 7 for measures on α´1 pBq ˆ β´1 pBq, each
µC,B is extreme for B “ Bα

i X Bβ
j .

• µC,I zpI0 Y I1q : Applying a variant of Theorem 4 for measures on α´1 pI z pI0 Y I1qq ˆ

β´1 pI z pI0 Y I1qq, the assumption yields the extremality of µC,I zpI0 Y I1q.

Furthermore, if α, β P T satisfy λ
`

Iα Y ICPMS
α

˘

“ λ
`

Iβ Y ICPMS
β

˘

“ 1, then λ pI0 Y I1q “

1 and the extremality of T pAtq is a necessary condition for the extremality of Ce,α˚pAtqCβ,e.

Corollary 16. Let α, β P T be such that λ
`

Iα Y ICPMS
α

˘

“ λ
`

Iβ Y ICPMS
β

˘

“ 1 and pAtqtPI
be a collection of joining copulas. Then C :“ Ce,α ˚pAtqCβ,e is extreme if and only if T pAtq
is extreme in M pP ptq, Qptqq for a.e. t P I z pIα Y Iβq.
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Figure 7: (top) Graphs of α, β as well as supports of Ce,α ˚Cβ,e and C; (bottom) supports
of joining copulas At referred in Example 17

Example 17. Let α, β be piecewise linear functions in T and pAtqtPI a collection of
joining copulas as shown in Figure 7. Observe that I1 “ ICPMS

α X ICPMS
β “

`

1
5
, 4
5

˘

and
I0 “ Iα Y Iβ “

“

0, 1
5

˘

Y
`

4
5
, 1
‰

and At “ W1r 1
5
, 2
5sptq ` M1r 3

5
, 4
5sptq. According to Theorem

15, the extremality of µC pivots on that of µC,p 2
5
, 3
5q. For t P

`

2
5
, 3
5

˘

,

P ptq “

"ˆ

0,
1

3

˙

,

ˆ

1

3
,
2

3

˙

,

ˆ

2

3
, 1

˙*

, Qptq “

"ˆ

0,
1

3

˙

,

ˆ

1

3
, 1

˙*

and T pAtq “

„

1
6

1
6

1
3

1
6

1
6

0

ȷ

,

which is not extreme in M pP ptq, Qptqq. Hence, C :“ Ce,α ˚pAtq Cβ,e is not extreme. The
support of Ce,α ˚Cβ,e and C are shown in Figure 7 in which the orange and green segments
represent extreme and non-extreme parts, respectively. Obviously, T pAtq are all extreme
in M pP ptq, Qptqq for all t P I z

`

2
5
, 3
5

˘

.

To generalize Theorem 15, let us denote for each C P C

DCptq :“ tB2Cpx, tq : x P Iu for each t P I, (4.2)

and Dα :“ DCe,α for α P T . Note that tB1Cβ,ept, yq : y P Iu “ Dβ as well. Since every
transformation matrix with respect to a partition induces a subcopula on its boundary
and vice versa as stated in the paragraph before Theorem 7, in the general case where
Dαptq or Dβptq might be uncountable, it is natural to consider instead the extremality of
At as a subcopula on Dαptq ˆDβptq. Here, we denote by SpAˆBq the class of subcopulas
on A ˆ B where t0, 1u Ď A,B Ď I.

Remark 18. From Theorem 15, we observe that for α, β P T ,

1. if t P I0, then Dαptq or Dβptq becomes t0, 1u by Lemma 13 which trivially gives the
extremality of At in S pDαptq ˆ Dβptqq;

2. if t P I1, then we can find At on Dαptq ˆ Dβptq “ BP ptq ˆ BQptq via (3.5). Hence,
T pAtq is extreme in M pP ptq, Qptqq if and only if At is extreme in S pDαptq ˆ Dβptqq;
and
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3. if t P I z pI0 Y I1q, then At is extreme in S pDαptq ˆ Dβptqq because At is a Fréchet-
Hoeffding bound for a.e. t P I z pI0 Y I1q.

Thus, every assumption in Theorem 15 can be fused into one statement that “At is
extreme in S pDαptq ˆ Dβptqq.” In fact, this is a characterization of the extremality of
Ce,α ˚pAtq Cβ,e. Its proof is adapted from the proof of Theorem 7.

Theorem 19 (Characterization of extreme bivariate IDCs). Let pAtqtPI be a collec-
tion of joining copulas and E,F P C . If E ˚pAtq F is extreme then At is extreme in
S pDEptq ˆ DFT ptqq for a.e. t P I. Moreover, if E “ Ce,α and F “ Cβ,e for some
α, β P T then the extremality of At a.e. is a necessary and sufficient condition, i.e.,
C :“ Ce,α ˚pAtq Cβ,e is extreme if and only if At is extreme in S pDαptq ˆ Dβptqq for
a.e. t P I.

Proof. pñq Assume that there exists P Ď I of positive measure for which At “ 1
2
Bt ` 1

2
Ct

for some Bt, Ct P C with Bt ‰ Ct onDαptqˆDβptq for all t P P . Without loss of generality,
there exists pa, bq P I2 for which the set Ppa,bq :“

␣

t P P : Bt

`

Rpa,bqptq
˘

ą Ct
`

Rpa,bqptq
˘(

has positive Lebesgue measure, where Rpa,bqptq :“ pB2Ce,αpa, tq, B1Cβ,ept, bqq. If we define
two new classes of joining copulas by

B1
t :“

#

Bt if t P Ppa,bq;

At otherwise,
and C 1

t :“

#

Ct if t P Ppa,bq;

At otherwise,

then C1 :“ Ce,α ˚pB1
tq
Cβ,e and C2 :“ Ce,α ˚pC1

tq
Cβ,e are not equal as

C1pa, bq ´ C2pa, bq “

ż

Ppa,bq

“

B1
t

`

Rpa,bqptq
˘

´ C 1
t

`

Rpa,bqptq
˘‰

dλptq ą 0.

Moreover, the assumption implies that At “ 1
2
B1
t ` 1

2
C 1
t on Dαptq ˆDβptq for all t P I and

hence C “ 1
2
C1 ` 1

2
C2.

pðq Assume that µC “ 1
2
µC1 ` 1

2
µC2 for some C1, C2 P C with C1 ‰ C2. Then µCi ! µC

for i “ 1, 2 and hence, by Lemma 3, C1 “ Ce,α ˚pBtq Cβ,e and C2 “ Ce,α ˚pCtq Cβ,e for some
pBtqtPI , pCtqtPI Ď C . Restricting the above measures on Grα,βpSq for S P B (see (3.2)),
we obtain µC,S “ 1

2
µC1,S ` 1

2
µC2,S. In particular, for px, yq P I2,

ż

S

At
`

Rpx,yqptq
˘

dλptq “
1

2

ż

S

Bt

`

Rpx,yqptq
˘

dλptq `
1

2

ż

S

Ct
`

Rpx,yqptq
˘

dλptq

“

ż

S

ˆ

1

2
Bt `

1

2
Ct

˙

`

Rpx,yqptq
˘

dλptq.

Since S and px, yq are arbitrary, we have At “ 1
2
Bt ` 1

2
Ct on Dαptq ˆ Dβptq for a.e. t P I.

Finally, the fact that Bt ‰ Ct on Dαptq ˆ Dβptq for all t in a set of positive measure P
can be verified in the similar way as Theorem 7.

5 Extreme multivariate implicit dependence copulas
In this context, (d-dimensional) implicit dependence copulas are joint distribution func-
tions of Up0, 1q-random variables X1, X2, . . . , Xd for which α1pX1q “ α2pX2q “ ¨ ¨ ¨ “

αdpXdq for some α1, α2, . . . , αd P T . From [1, 31], they can be written as a d-dimensional

16



generalized product of Ce,αi , i.e.,
d
˚A
i“1

Ce,αi : px1, . . . , xdq ÞÑ
ş1

0
At

´

pB2Ce,αipxi, tqq
d
i“1

¯

dt for

some A :“ pAtqtPI Ď Cd, the space of d-copulas. As in 2-dimensional case, ˚d
i“1Ce,αi :“

d
˚pΠdq

i“1

Ce,αi , where Πd : px1, . . . , xdq ÞÑ x1 ¨ ¨ ¨xd is the d-dimensional independent copula,

are called factorizable copulas. The proof in [32] can be adapted to multivariate case and
gives a necessary and sufficient condition for factorizable d-copulas to be extreme.
Theorem 20. For α1, α2, . . . , αd P T , ˚d

i“1Ce,αi is extreme if and only if λ
`

Iαi Y Iαj
˘

“ 1
for all i ‰ j.
Example 21. Let α, β, γ1, γ2 P T whose graphs are shown in Figure 8. Then the support
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1

Figure 8: Graphs of α, β, γ1 and γ2 in Example 21

of factorizable copulas C1 :“ ˚ pCe,α, Ce,β, Ce,γ1q and C2 :“ ˚ pCe,α, Ce,β, Ce,γ2q lie on
the graphs αpxq “ βpyq “ γ1pzq and αpxq “ βpyq “ γ2pzq, respectively, as shown in
Figure 9. Observe that λ pIα Y Iβq “ λ pIα Y Iγ1q “ λ pIβ Y Iγ1q “ 1 but λ pIα Y Iγ2q “

0

1

1

1

C1

x
y

z

0

1

1

1

C2

x
y

z

Figure 9: Supports of C1 and C2 in Example 21

λ pIβ Y Iγ2q “ 3
4

ă 1. Hence by Theorem 20, C1 is extreme while C2 is not. In addition, it
is straightforward to show that

C2 “
1

2
˚M3 pCe,α, Ce,β, Ce,γ2q `

1

2
˚A pCe,α, Ce,β, Ce,γ2q ,

where M3px, y, zq “ min tx, y, zu is the 3-dimensional comonotonic copula, A “ pAtqtPI,
At “ D11p0, 14qptq`D21r 1

4
, 3
4sptq`D31p 3

4
,1qptq andD1, D2, D3 P C3 are such thatD1

`

1
2
, 1, 1

2

˘

“

0 “ D3

`

1, 1
2
, 1
2

˘

(the existence of D1, D3 can be found in [20]).
A d-dimensional analog of Theorem 19 can be proved by similar arguments using the

characterization of multivariate implicit dependence copulas in [31].
Theorem 22 (Characterization of extreme multivariate IDCs). Let α1, α2, . . . , αd P T

and A :“ pAtqtPI be a collection of d-copulas. Then
d
˚A
i“1

pCe,αiq is extreme if and only if

At is extreme in S
´

Śd
i“1Dαiptq

¯

for a.e. t P I.
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When A “ pΠdqtPI, it is not hard to see that Theorem 20 and 22 are compatible. This
follows from Lemma 13 and the fact that Πd is extreme on S

´

Śd
i“1Ri

¯

only in the case
Ri “ t0, 1u for all but at most one index i P t1, . . . , du.
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