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Abstract

Copulas of uniform-(0,1) random variables U and V satisfying o(U) = B(V)
almost surely for some measure-preserving transformations o and g are called im-
plicit dependence copulas. They were recently shown to coincide with the general-
ized Markov products of C., and Cg. with respect to a class of joining copulas
(At)te[o,l]' If Ceqo and Cg, are not two-sided invertible, then most implicit de-
pendence copulas, especially when A; = II, are not extreme points in the class of
copulas. For a given pair of left and right invertible copulas C., and Cg., we
characterize extreme implicit dependence copulas in terms of the extremality of
the joining copulas in the class of subcopulas on a domain involving the invertible
copulas. This result is then extended to the multivariate case.
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1 Introduction

Two uniform-(0, 1) random variables U and V are said to be implicitly dependent if a(U) =
B(V) almost surely for some measure-preserving transformations o and 5 on I. The copula
of implicitly dependent random variables is called an implicit dependence copula, or IDC.
For reasons unbeknownst to the authors, the literature on implicit dependence is very
limited and we could not find any systematic study of the topic. To the best of our
knowledge, implicit dependence copulas first appeared in the literature in the context of
measures of dependence in [27]. They introduced a copula-based measure of dependence
wy in the sense of Rényi [25], of which the first example is Gebelein’s maximal correlation
[11, 26]. An interesting result is that if the copula of X and Y is a factorizable copula—a
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specific type of an implicit dependence copula—then w, (X, Y') attains its maximum value
of 1. In light of this, a potential relationship may exist between Rényi’s measures of
dependence and implicit dependence copulas, particularly factorizable copulas.

Recently, it was shown in [l, 21] that the implicit dependence copulas correspond
exactly to the generalized Markov products of left and right invertible copulas. The
generalized Markov product of C and D in the class % of copulas with respect to a
parametric class of joining copulas A := (A4;),,; © € is defined formally by

1

C a4 D(z,y) = J A (02C (2, t), W D(t,y))dt  for z,y € [0, 1]. (1.1)

0

It has a multidimensional version that assembles a d-copula from d bivariate copulas [1].
Evidently [, 28], (A;),; needs to satisfy certain measurability conditions in order for the
product (ﬁ) to be well-defined.

Determining the Fréchet class [9] of multivariate distributions with given marginals, in
particular whether the class contains an element, was one of the most important problems
in multivariate modeling. By Sklar’s theorem [8, 20|, the answer to the case when all
marginals are univariate is affirmative and given by copulas. However, if some prescribed
marginals are multivariate, the problem becomes much more difficult and even the Fréchet
class of trivariate distributions with three given bivariate marginals might be empty [[, 29,
30]. When two bivariate marginals of three variables are given, a compatibility condition
on the other bivariate marginal can be obtained. In particular, if Uy, Uy, Uz are uniformly
distributed on [0, 1] where (U, Us) ~ C and (U, Us) ~ D, then the copula of U; and Us is
of the form C x4 D for some A [[f]. In addition, if U; and Us are functions of the common
factor Us,, then each joining copula A; is the copula of the conditional random variables
U |Uy=tand Us | Uy =t [l]. In such a case, the complete dependence copulas C' and
D are C,, and Cg, respectively, and the copula of Uy, Us is C¢ o ¥4 Cp . Here, e denotes
the identity map. And for f, g in the class .7 of measure-preserving transformations on
[0, 1] defined in page {, the function

Cralw.y) = A 7([0,21) 0 g7 ([0,])) (1:2)

defines a copula and every copula is of this form [4, B4]. When every A, is the independence
copula II, the generalized Markov product is the usual Markov product = possessing nice
algebraic properties, e.g., (%, *) is a monoid with the identity M, the upper Fréchet-
Hoeftfding bound, and the null element I1. The right and left invertible copulas are exactly
the complete dependence copulas Cy. and C. 4, respectively. Moreover, M is also the
identity for generalized Markov product, i.e., C' x4 M = M x4 C' = C. In particular,
Ce,r 4 Uy, is a complete dependence copula if either f or g is the identity. Since Cty =
CrexCey=CrexaCe,forall f,gand A 28], the (generalized) Markov products of right
invertible and left invertible copulas generate all bivariate copulas. On the other hand,
the generalized Markov products of left invertible and right invertible copulas exhibit
quite a stringent property, depending on the two copulas. For each pair of o, 5 € 7,
different mixtures of copulas in A give a variety of generalized Markov products C, o*4Cjp .
supported on the same set as shown in Figure [Il. See [0, [7, 8, 28, B2] for additional studies
on generalized Markov products.

The class of complete dependence copulas is dense in € with respect to the uniform
metric dy [18] but it is not dense under stronger topologies such as the ones induced by
the modified Sobolev norm or the d-convergence. As it contains all checkmin copulas, the
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Figure 1: Generalized Markov product C, *4 CT with different choices of A = (4;)
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class of IDCs, or equivalently the class of C, o ¥4 Cja, is certainly dense in € under these
strong topologies [19, 21]. As such, IDCs could be a tool in investigations of properties
which are continuous in a strong topology. However, the IDCs could form a class so large
that one might want to investigate the class of IDCs which are extreme elements of &
and its convex hull instead.

For fixed o, B € .7, let us denote the class of generalized Markov product of C, , and
Cs.e by 6, 5. So the class of IDCs is ¢1p = Ua,ﬁey Go,5. Since 6, 3 is convex and closed
[] with respect to dy, the class of extreme points of €, 3, denoted by ext (%,.3), is always
nonempty. Clearly, extreme points of ¢ that are in 6, g are extreme points of €, g. From
the fact that puc = kua + (1 — k)up implies pua < pe and pg < pe, it is also the case
that ext (64,5) S ext(¢). Hence, ext(€) n6ip = [, gz €xt (a,5) and extreme points of
¢ in 6, are identical to extreme points of €, . In [32, Theorem 9|, the extremality of
the Markov product of C. , and Cjg, also called a factorizable copula, is characterized as
follows.

Theorem ([32]). For a,f € T, Cep * Cps is extreme if and only if A (I, ulg) = 1.

Here, I, denotes the injective part of v defined in Definition . Under the condition
A(I,ulg) = 1, all generalized Markov products of C., and Cp. coincide with their
Markov product [32, Lemma 8|. Consequently, %, s is a singleton if A (I, ulz) = 1. On
the other hand, when A (I, ulg) < 1, the class %, 4 is infinitely larger and C., = Cp,
is no longer extreme. Of course, some elements in 4, 3 are extreme. See Figure P for
an example. It should be noted that the smaller the union I, ulz or the farther from
injectivity the functions a and f, the larger the class %, 3. However, all generalized
Markov products of C, , and Cg . have mass concentrated on the graph of implicit relation
o) = Aly) [l 1)

In this manuscript, we expand our investigation to extreme implicit dependence cop-
ulas Ce o *(a,) Cge by exploring relationships between the joining copulas (A;) and the
measure-preserving transformations «, 5. The contents of this manuscript are organized
as follows. All necessary background will be given in the next section. In Section , we
obtain a sufficient condition as well as a characterization of extreme implicit dependence
copulas (Theorems @ and H) Section H starts off giving a set of sufficient conditions for
extreme_implicit dependence copulas in Theorem [I5 by combining conditions given in
Section f and the main statement in [32]. Our main result is a complete characterization
of extreme implicit dependence copulas given in Theorem [19. The characterizing condi-
tion illustrates how the joining copulas and the two factors must be compatible to ensure
extremality. Finally, the main result is extended to the multivariate case in Section f|.



Cea 0/376 extreme ) Ay
I, }
fffffff *A 1 II
0
g
Oe,a 0578 not extreme ) Ay extreme ) A,
: : / M
fffffff A : I Coe-q 05
N 1 1 | I
L 0 L 0
s

Figure 2: Example of IDCs C., *4 Cs. when (top) A(I,ulsg) = 1 and (bottom)
A (Ha U Hﬂ) <1

2 Background

Denote I := [0,1], Z (resp., B(I)) := the o-algebra of Borel subsets of I (resp., I?), A :=
Lebesgue measure on (I, %) and L' (I) := the space of M-integrable functions on I. Let
S1,S2 be (closed) subsets of I containing 0 and 1. A (bivariate) subcopula (with domain
S1xSs) is a function C': Sy x Sy — T such that for all z € S, y € Sy, C(0,y) = 0 = C(z,0)
and C(1,y) =y, C(x,1) = z, i.e., C is grounded and has uniform marginals; and for every
rectangle B := [x1, z2] X [y1,y2] whose vertices belong to S; x S,

Ve (B) = C(xg,y2) — Clxa,11) — C(21,y2) + C(21,91) = 0,

i.e., C' is 2-increasing. In particular, if S; and S5 are countable sets, then C' is also
called a discrete copula [8, 22, 24]. And C' is said to be a (bivariate) copula whenever
dom(C) = I?. Some important copulas are II: (z,y) — zy, M: (z,y) — min {z,y}
and W: (x,y) — max{z +y — 1,0}, called the independence, comonotonic, and coun-
termonotonic copulas, respectively. Note that the class of copulas, denoted by %, has a
one-to-one correspondence with the class of doubly stochastic measures, defined as Borel
measures £ on (I?, B(I%)) satisfying p (A x I) = p(IxA) = M(A) for all A € B. The
definition of subcopulas also implies that every subcopula is non-decreasing in each vari-
able and Lipschitz with respect to the /!-norm on S; x S,. Consequently, the first partial
derivatives of every copula exist almost everywhere with values in [0, 1]. See [§, 20] for
other basic properties of subcopulas and copulas.

Let (X, 27, p) and (Y, %, v) be probability spaces. A measure-preserving transforma-
tion (from X to Y) is a measurable function f: X — Y satisfying u (f~*(B)) = v(B)
for every B € #. The class of such maps is denoted by 7 (X,Y). In particular, we
let 7 = .7 (LLI) when (X, 2 ,u) = (Y,%,v) = (I, #,)). In this manuscript, X and
Y are usually Borel sets in I; 2" and % are the o-algebras of all Borel subsets of X
and Y, respectively; and p and v are Lebesgue measures restricted to the corresponding
o-algebras.

Continuous random variables X and Y with X ~ F and ¥ ~ G are said to be
implicitly dependent if there exist Borel functions f and g such that f(X) = g(Y) a.s. and
foF ,90G €., where A~ (u) := inf {x € R: A(x) > u} is the quantile function of A.
X and Y are completely dependent if Y is a Borel function of X or vice versa. Whenever



X and Y are implicitly /completely dependent continuous random variables, their copula
C(x,y) is called an implicit/complete dependence copula. The classes of such copulas are
denoted by é1p and cp, respectively.

Let & be a convex space, i.e., a subset of a vector space for which «A+ (1 —«a) Be @
for every A, B € 2 and « € [0,1]. Examples of convex spaces are ¢ and the class of
n x n doubly stochastic matrices for fixed n. A non-negative matrix is doubly stochastic
if every row and column sums to 1, making it a discrete version of copulas. An element
E € & is said to be extreme if E cannot be written as a strict convex sum of two distinct
clements of 2, i.e., whenever £ = oA + (1 — a)B _for some A, B €  and «a € (0,1)
then A = B = E. By Birkhoff’s Theorem, see [13, [17], every n x n extreme doubly
stochastic matrix is a permutation matrix. However, characterizing extreme copulas is
not at all simple. Some known facts on extreme copulas are that all extreme copulas
are singular [16] and that, for every copula of the form C}, as defined in (), the
extremal property depends only on f‘l(%d and g71(#). That is, if f1,91 € T satisfy
fHUB) ~ f{H(B) and g (B) ~ g;'(B) ! then C;, is extreme if and only if Cf, 4, is
extreme [34]. The extremality of copulas or doubly stochastic measures (DSMs) have
been studied for more than half a century. For instance, extreme DSMs are studied and
characterized in functional analysis terms in [b, [L6]; they are analyzed using the notion
of loops and forests borrowed from graph theory in [2, [12]; and the extremal property of
factorizable copulas is investigated in [23, B2].

Denote 1 := 1;. A Markov operator [§] is a linear map T: L'(I) — L'(I) such that
T is positive, T1 = 1, and §TfdX = {, fdX for all f € L'(I). Let .# be the class of
Markov operators. Then every T € .# has unit norm and its adjoint operator T*, once
extended from L*(T) to L'(I), is also a Markov operator. An important subclass of .#
is the class of Tyy: f +— fo for ¢y € 7. The identity T;; o Ty, = T, implies that T}, and
Ty are left and right invertible, respectively. Moreover, the class (.#,0) and (%, ) are
isomorphic by the mappings V: .# — € and ®: ¢ — .#, where

T d 1

U(T) (o) = [ [Thog] (s and [@(Of] @) = 5 [ &C0f@) dr
0 0

In addition, U(S oT) = U(S) = ¥(T) and &(C = D) = &(C) o &(D) for S,T € A and

C, D € €. Finally, the above correspondence yields that

1C(x,y) = Telpy (z) for a.e. (x,y) € I? (2.1)

for every copula C' with corresponding Markov operator T¢ := ®(C).

3 Simple extreme implicit dependence copulas

For o, € .7, the extremality of implicit dependence copulas Ce, *(4,) Cg., Where
{A;: t eI} is a singleton consisting of M, W or II was investigated in [32, Theorems
17 and 9]. In this section, we explore two sets of conditions under which C¢ 4 *(a,) Cae
is extreme. The first, derived in Subsection El!, is that {A;: tel} < {M.W}, which
directly generalizes [32, Theorem 17]. From this result stated in Theorem {, one might
draw a premature conclusion that if each A, is extreme then C¢ 4 *(4,) Cpc is extreme. The

'Here, # ~ .7, for sub-o-algebras #,.# < %, means for each R € % there is S € .% such that
A(RAS) =0 and for each S € .7 there is R € # such that A (RAS) = 0 where RAS = (R\S) u (S\R).



second set of conditions in Subsection @ is more complex and involves the extremality
of transformation matrices induced by A;. Since all transformation matrices induced by
M or W are always extreme, Theorem [i] yields Theorem @ provided that o and [ are
countably piecewise monotonic surjections. Moreover, it provides better insight into how
the extremality of each A; should be assumed in relation to « and S. This leads to a
complete characterization of extreme implicit dependence copulas in Section {.

3.1 Extremality of implicit dependence copulas whose joining
copulas are the Fréchet-Hoeffding bounds

Hereafter, for brevity, the product =4,y may be written as =4 if A, = A for almost all ¢.
By [32, Theorems 17], if A = M or W, then every C., %4 Cs. is an extreme element.
In this subsection, we investigate the extremality of copulas obtained from combining
these two cases, i.e., the implicit dependence copulas of the form C., #(4,) Cg. where
Ay =W on S and A, = M on I'\S a.e. for some Borel subset S of I. By the definition of
C := Ceq #(4,) Cs,e, the doubly stochastic Borel measure pc is uniquely defined from its
value for rectangles R := (a,b] x (c,d] < I?. In fact, o = jcy where

pes (R) = L Va, ((02Cc.a(a,t), 02Ce o (b,1)] x (01Cs(t,¢), 1 Cp(t,d)]) dA(t), (3.1)

for S € ZA. Furthermore, it satisfies the following properties which are inspired by [l
Theorem 2.7].

Lemma 1. Let o, f € T, (Ay),q S € and S € B with A(S) > 0. If C := Ceq #(a,) Cse
then pcs (Gras(S') = A(S n S') where Grog(B) := {(z,y) € I : a(z) = B(y) € B}.

Proof. Let U,V ~ U(0,1) and C the copula of (U, V). Then Z := «o(U) ~ U(0,1)
and, by [32, Theorem 6], «(U) = (V) ass. Moreover, (U,Z) ~ C., and (Z,V) ~
Cpe. Now, A; (02C, o(u,t),01Cp(t,v)) can be interpreted as the conditional probability
P(U € [0,u],Ve[0,v] | a(U)=pB(V)=t) (see [l]). Then for any rectangle R := (a,b] x
(c,d] < 7, the integrand of uc.s (R) (see (B.1)) equals P((U,V)e R | a(U) = B(V) = t)
which implies by the disintegration theorem [15] that

pes (F) = | BUV) <RI aU) = BV) = ) d\(t) = P(U,V) & R Gro(S)).

(3.2)
Hence, (@) holds for any R e Z(I*). In particular, pcg(Gras(S")) = P((U,V)e
Grog(S' N S)) = pesns (]12) = SSQS, Va,(Ix T)dA(t) = SSQS, dA(t) = A(S n S"). ]

As a consequence, pe can be split into two measures with essentially disjoint supports.
Verifying the extremality of pc amounts to proving that of each component separately.
The next tool involves the generalized Markov product of left and right invertible copulas.
Proved by a simple change of variable, the following lemma says essentially that shuffling
the invertible copulas amounts to reordering the joining copulas.

Lemma 2. Let o, f € T and (A;), be a collection of joining copulas. Then for ¢ € Ty,

Ce,poa *(4r) Cpope = Cepa *(A0) Cge. Moreover, if ¢ is an essential inverse of ¢, then
©

Ce7<poa *(qu(t)) Ogooﬁ’e = Ce,a *(At) 01878'



Proof. 1t clearly suffices to verify only the first statement. For z,y,t € I,
02C¢ poa(2,1) = O1Cpoae(t,x) = ThoLioa1(t) = (T 0 TY) Lo (t)

poa

= Tﬁﬂ[o,x] (¥(t) = 01Cae (Y(t),7) = 02C, o (z,9(t))
and 01Cop(t,y) = 01Ca. (¥(t),y). Hence, by a change of variable,

Cepon *(a) Cpope(,y) = d[: Ar (020 poa(,1), 100, (t,y)) dt
- JE Ay (02Ceq (x,9(1)), 01C3 ((t), y)) di
_ J[)l Ay (02Ccq (x,t),01Cs, (t,y)) dt
= Cun*(1,y) Crele0) -

Several theorems in this manuscript rely on the following key result, whose proof is a
consequence of results in [1, 21].

Lemma 3. If a doubly stochastic measure pc, is absolutely continuous with respect to
pe, written pe, < pe, for some implicit dependence copula C' = Ce. o #4 Cge then C)
is necessarily an implicit dependence copula, i.e., there is A" = {A}},.; S € such that
Cy = Cepn *a0 Cpe. Recall that pe, < pe means pic, (R) = 0 whenever uc(R) = 0 for all
Re B(I?).

Proof. From [ll, Theorem 2.7] or [21, Theorem 5], C' = C,, *4 Cs, is an implicit de-
pendence copula of some pair of standard uniform random variables concentrated on the
graph a(x) = B(y). As a consequence, ¢ (Grag(I)) = 1. It then follows from the as-
sumption that pc, (Grag(l)) = 1. Thus by [L, Theorem 2.7] or [21, Theorem 10], there
exists a parametric family A" € € such that C; = C,  * 4 Cae. O

We are now ready to verify the extremality of implicit dependence copulas in a more
general form than those studied in [32, Theorem 17].

e S
Theorem 4. Let a,f € T, S € B and (At),q S € be such that A, = w Zf € 5
M ifteT\S.

Then Ceq #a,) Cp.e 18 extreme.

Proof. In light of [32, Theorem 17] in which the statement is proved for S = @ or [0, 1],
we suppose that 0 < A(S) < 1. By the rearrangement theorem [3, Theorem 4.3|, there
exists ¢ € i,y with essential inverse ¢ such that ¢¥(S) = [0, A\(S)) and ¢(I\S) = [A(S), 1].
Thus by Lemma P, C' := C, 4 *(4,) Ce = Ce poa *(Aw(t)) Coope = Cear #(a,) Cpr e, Where
o =poa, f/:=¢ofand s := (t) which also gives A; = Wl xs))(s) + MLns)11(5).
For concise notation, we let s = A(S) and shall revert to the original setup with S = [0, s].

To show that C' is extreme, suppose o = kue, + (1 — k)ue, for some Cy,Cy € € and
ke (0,1). Then pc, < pc and e, < pie which imply by Lemma 3 that Cy = Ce o #(p,) Cp.e
and Cy = Ce o #(,) Cp,e for some (B),g, Q1) S €. Setting Dy := Ce o ¥ Cge, Dy :=
Cea 11 Cge and Grop(B) := {(z,y) € I’ : a(z) = B(y) € B} for B € B, up, s, ey, 85 oo S
become measures with mass concentrated on Gr,g(S). Likewise, fip,1\s, oy 1\ss Bes1\s
are measures supported on Gr, g(I\S). In addition,

e = [iDy,S + UDy1\Ss Moy, = Hey,s + Heyns  and  pe, = fley,s + Hes 1S

7



Since Gr, 5(S) and Gr, 5(I\S) are disjoint, we obtain up, s = kpey s + (1 — k)pe,.s and
tp,i\s = ke, s + (I — k)pe, 1ns. Now, similar to the proof in [32, Theorem 17], the
measures fip, s and pp, \s are extreme, so fip, s = Hcy,s = Hey,s and fip, 1\s = poy s =

te, s wWhich imply that puc = pe, = pe,, ie., C is extreme as desired. O
Example 5. Let f,g € .7 be defined, as shown in Figure B, by
f 1-2y ifo<y<i
3z ifo<z<i; 5 3y o1 y<45
. -3y ifp<y<g
fla)={e+§ ifg<ae<y and gly) =413 5 % 3.
3-3z ifd<a<l W8 U <ys<i
6 - y—1 if3<y<l.

Since Iy = [%, 1] and [, = @, we have A(I;ul,) = % < 1, and then C,f * Cy. is not
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Figure 3: Graphs of functions f and g as well as the support of C, ; * Cy . in Example B

extreme by [32, Theorem 5]. When the usual Markov product is changed into generalized
Markov products with joining copulas as a mixture of W and M, we obtain various
extreme copulas as shown in Figure ff. However, the support of C, ¢ *(4,) Cyc is invariant
on Gry, ((%, 1)) for every collection of joining copulas.
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Figure 4: Support of C¢ y#(4,)Cy,c for f and g discussed in Example B where (A4;) < {W, M}

3.2 Extreme countably piecewise monotonic surjection implicit
dependence copulas

Countably piecewise monotonic surjection (CPMS) implicit dependence copulas, the class
of which is denoted by %pmip, were first introduced in [21] as copulas of U,V ~ U(0,1)

8



satisfying a(U) = B(V) a.s. for some CPMSs «, . Here, o € .7 is a CPMS function,
written o € Jopwis, if there is a countable set 7 and a partition (a.e.) P := {I,},.; of [0,1]
consisting of open intervals I,, := (ay,, b,) such that each «, := «/|, is a strictly monotonic
function from I, onto (0,1). Recall [B] that 01Ccqo(x,t) = L q(a(zx)) for « € F. For
a € Jopms with partition {1, := (apabp)}pez» we say that I, < I, if b,, < a, and that
I, <1I,if I, < I, or I, = I,,. It is shown in [21] that for x € I,

0sConln, 1) = (1) = {“’5 (6) iz <, (1) (33)

VE(L) ifx > (),

where p5(t) == >, m and g (t) == X m Let 8 € Jepus with
partitions {Jy} ., and 7 (¢) and 7 (¢) be defined for § in the same way as p, (¢) and

piy (t) for a.. Clearly, {I, x J,} is a rectangular partition (a.e.) of I?. The equation (@)
for (a,b] < I, (¢,d] < J, and S = I becomes

o ((a,b] x (¢,d]) = f[o ; Vi, ((15(0), 1 (8)] > (ng(8), mg ()]) dA(D).

Let us define the notion of transformation matrix with respect to countable partitions,
generalizing finite transformation matrices utilized in [10].

Definition 6. Given two countable partitions of I P = {[,} ; and Q = {Jg}
where I, and J, are open intervals, a transformation matrix is a non-negative matrix
T = [tpglp.g)erxs for which the sum along each column p is A(I,) and the sum along
each row q is A(Jy), L.e., D crtpg = AMIp) and 3 7ty = A(Jy). Accordingly, P and @
are called the corresponding horizontal partition and vertical partition of I, respectively.
Let M(P, Q) denote the class of transformation matrices whose horizontal and vertical
partitions of I are P and @, respectively. Under element-wise operations, M (P, Q) is
clearly convex. Its extreme points shall be studied in relation to the extremality of implicit
dependence copulas.

For each t € I, since 02C. (-, t) and 0;Cs.(t,-) can be extended to distribution func-
tions, the collections

P(t) = {I}(t) := (u;@),u;@))}pez and Q1) := {J1(1) = ( (). nZ(1)}, ., (3.4)

are two partitions (a.e.) of I. So R(t) := {R,4(t) := I/(t) x Jé(t)}(m)ezxj is a rectangular
partition (a.e.) of I*. Given (4;),,; Sa”, each t € I gives a transformation matrix T'(A;) :=
[ap.q(0)] (p gezx 7> Where apq(t) = Va, (Rp4(t)). Moreover, the value of A at pertinent
points can be determined from T'(A;) by

Ar (5 (2) =2 2 alt (3.5)

Li<lp Jj<Jg

where < and < are either < or <. Conversely, for a given transformation matrix 7" = [a;;]
with horizontal and vertical partitions P and @, respectively, (B.5) can be used to define

a subcopula A on 0P x 0Q) for which T'(A) = T. Here, 0P (resp., 0Q) is the set of all
endpoints of open intervals in P (resp., Q).



Theorem 7. Let «, 3 € Topus with countable partitions {1}, and {Jo} . ;. respectively.
and (A;),. @ collection of joining copulas. For each t € I, let P(t) and Q(t) be defined
by (@) and T'(A¢) == [Va, (Rpq(t)], pezx7- Then C = Ceo xa,) Cp e is extreme if and
only if T(A;) is extreme in M(P(t),Q(t)) for Lebesgue-almost every t € 1.

Extremality of T'(A;), for each ¢, has many equivalent statements, see e.g. [16, 22, 24].
To prove Theorem [1], we need the following results.

Proposition 8. Let o, € Jopms. For (p,q) € T x J, if (x,y) € I, x J, satisfies
a(r) = B(y), then there exists a rectangle S, in I? such that

a(z)

HernissCo (i) = j Vi, (Ryq(t)) .

where Ry () = (4 (£), s (£)) < (ng" (), g (1)) Infact, Say = 03, ([0, a)])x 57 ([0, B(y)]).

Proof. It follows from the definition that if S = [a,b] x [c,d], then pic,, .« ,, 0, (S) =

Sé Va, (S(t))dt where S(t) = [02Ceala,t),2Cea(b,t)] x [01Cs(t,c), 1Cps(t,d)]. Fix
(p,q) € Z x J and x € I,. Let y € J, be such that a(x) = B(y) and choose S = P, x @,

where

P [ap, x] if «, is increasing; and O, [cg,y] if B, is increasing;
’ [z,b,] if , is decreasing, Y ly,d,] 1if B, is decreasing.

If S = [a,, #] x[cq, y], i.e., both oy, and B, are increasing, then S(t) = [1(£), 02Ce.a(z, t)] X
[ ny(t), 810/376(15,@/)]. Applying (@) to o and (3 yields

L Va (51 ; Vi (L0, 12 0] x (0, m 0]

+ f Vi ([0, 0] [ (), 05 0)
(z)
- [ Vi (Byalt) .

The other three cases where «,, or 3, is decreasing can be proved similarly. Il

Lemma 9. With the same notations as in Theoremﬁ if (Bt),ep and (Cy),o are such that
C *(Ay) Cge = Cea *(By) Oge + 5 Cea *(Cy) Cﬂe, then T(At) = %T(Bt) + %T(Ct) a.e

Proof. By the correspondence between copulas and doubly stochastic measures, f1p(4)(.S)
tupm) (S) + supe)(S) where D(E) = C.qo %, Cpe, for E € {A,B,C}, and S :=
[a,b] x [¢,d] < T2 Tt then follows from Proposition § that for (p,q) € T x J and z € I,

a(w) 1 (e 1 o
| Ve Bty at =5 | Vi (Bpa®) dt 5 | Ve (Buato) .

0 2 0 0

Since aly, is surjective, Va, (Ryq(t)) = Vi, (Rpq(t)) + Ve, (Rpq(t)) for a.e. ¢. Hence,
T(Ay) = 3T(By) + 3T(C) ae. as desired. O

We are ready to prove Theorem H

10



Proof of Theorem E[ =) Suppose that, for ¢ in a Borel set E of positive measure, there
exist distinct [b, 4(t)] and [cpq(t)] in M( (t), Q(t)) whose average is equal to T(At). Let
us define copulas B; and C; for each t € T as follows. If t € E, let B, and C; be the
copulas satisfying (@) for the transformation matrices [b,,(t)] and [c,4(t)], respectively.
Their existence is guaranteed by the bilinear interpolation. If t ¢ F, let B, = C} := A;.
From the construction, T'(B;) = [bpq( )] and T(Cy) = [cpq(t)] for t € E and T'(A;) =
sT(B,) + 5T(C,) for a.e. t. So pc = Q;Lcw* (5)Che %MCE,Q*(CQC/;,E and it remains to show
that pe, = G (5,)Ce and pe, = fic, 4% ¢,)Cs. are not equal. Since B; # C; for all
t € F and Z x J is countable, there exists an index (p, ¢) € Z x J and a measurable subset
E' < F of positive measure such that a,4(t) = 3b,4(t) + 5¢,,4(t) Where b, (t) # ¢ 4(t)
for ¢ € £'. This implies that there is a rectangle S < I, x J,, defined as in the proof
of Proposition B, satisfying pc, (S) — ey (S) = S[O,a(x)]mE’ (byq(t) — cpq(t)) dA(t) # 0. So
po, # poy, and C' = C, o #(4,) Cpe is not extreme.

(<) Suppose that pc = %,ul + %,ug for some doubly stochastic measures pq, pro with
pu # pr2. Then p; < pe for @ = 1,2 and, by Lemma J, w1 = pic, ax s, 05, a0d p2 =
[C. o0, Cs,. fOT SOME (Bp)er, (Cy)ter € €. By Lemma g, T(A;) = %T(Bt) + %T(C’t) a.e. t.
Since py # o, there is an index (p, q) € Z x J and a rectangle S < I, x J, chosen as in the
proof of Proposition E such that p1(S) # pa(S), ie., Sg(x) byq(t)dt = Sé Vg, (S(t)) dt #

Sé Ve, (S(t)) dt = So Cpq(t) dt for some = € I,. Consequently, there is a measurable set
Ecl w1th A(E) > 0 such that b,,(t) # cp4(t), ie., T(B;) # T(C}), for every t € E.
Therefore, T'(A¢) is not extreme on E. O

Example 10. Let o, 5 € Jopus be defined, as shown in Figure B, by

. 1‘
5 L %f(l]gxgég 1—4y if0< yéi,
ax) = 2oty MG <T< and fB(y)=<2y—3 if1<y<3
11 o5 2. y Y—3 SYS T
F—QZE lfﬁ<$<§,
3_3r f2<ax<l -3 iy 1<ysl
27 2 3 =
o B
1 1 1
| -/ i
lk,,‘,, __ | |
2 | | |
| | | | | l
L l l 4
0 1 1 1 0 O
15 2 1 1 3 1
6 3 4 4

Figure 5: Graphs of functions a and 8 and the support of C. , * Cs . in Example

{0.5), (1)} if0<t<y

- 3 1)} f
{(0,2), (3, 1)} if%<t<1, ={(0,1),(5:9), (5. 1)} for
all ¢t € I, which generate a collection of 2 x 3 transformation matrices in M(P(t),Q(t))
for a given family of joining copulas (A;) .

o If Ay =1I then T'(A;) is not extreme in M(P(t),Q(t)) for a.e. t. In fact,

1
for t e <—,1).
2

Note that P(t) = {

T(At) = for t e (0, %) and T(At) =

El»—t@lr—\Sl»—l
W [~ =
Q0 | =k [ =00 =
00 | [ =00 | —

11



Lifo<ae<y
I A = Coy, where sy(x) = {72 LU STS T ghen in M(P(1), Q1)) T(A)
r—5 ifg<z<l,
is not extreme for t € (O, %) but extreme for t € (%, 1). In fact
11 1y
oy 1 i 1
T(A)=|1 ;| forte(0,= and T(4)= |3 7| forte|=,1).
0 1 2 0 1 2
1 1

1
i’ then T'(A;) is extreme in

1
for ¢ - 1].

The graphs of s, s, and the supports of Ce, #(a,) Cp Where A, = Cc,, and C,, for
a.e. t € I are shown in Figure §. In the supports of C¢ , #(4,) Cg, the orange and green
segments represent extreme and non-extreme parts, respectively.

1—2z if0<

Tr <
1 e 1
T = 1f§<x<

o If Ay = C.,, where sy(z) = {
M(P(t),Q(t)) for a.e. t. In fact,

1
T(At) = fOI' te <O, 5) and T(At) =

Y NI
Bl on ©
[=FSIEIST
= O

A= Ce,s1 Ce,oz *A Cﬁ,e A= Ce,sg Ce,a *A Cﬁ,e

LI S —
FA= -k =t -
\

N

—
\
|
|
|

\

I
I
I
NS
T

N\
| [
| U
1= 0T
| [
‘Agya
I 1 /i
I i1/
1 1
=
T

|

|

|

)

|

I

I

I

N [JCR—

T T
l_ _ L
| |
| |
1= A
| |
A
I I
I I
1 1

N

|
1 ! 1 S
4?7\ 77777777 : 4?7\77 -z - 4
0 0 L 0 obL+t—=1
1 1 15 2 1 1 1 1 5 2 1
2 6 12 3 2 6 12 3

Figure 6: Supports of joining copula A and the corresponding product C, , *4 Cp, for a
and [ discussed in ExampleE and shown in Figure B, where (left) A = C.,, and (right)
A=Ceys,

4 Characterization of extreme implicit dependence
copulas

Outcomes in Section H are combined to build a set of sufficient conditions (Theorem @)
for the extremality of copulas in %ip. This then hints on how to set up a general condition
(Theorem ) that characterizes extreme implicit dependence copulas. Let C € %ip be
such that a(U) = 5(V) a.s. for some o, 5 € . and U,V ~ U(0,1). By Lemma E], [ic can
be split into several parts according to the values of a(U) (or S(V)).

Definition 11. Let o € .7. Define the following parts in the range of «.

o The injective part of a is defined as I, := {t € I: card(a~'(t)) = 1}, where card(A)
is the cardinality of A. Without loss of generality, I, is assumed to be a Borel set.
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 An open interval B is called a CPMS interval of o if o |4-1(py: @™ '(B) — B is
a CPMS function in 7 (a~!(B), B). That is, there exists a countable set Z with
at least two elements and a partition (a.e.) Pg := {I,} ., of o '(B) consisting of
open intervals such that «|;, is a strictly monotonic function from I,, onto B. And
a CPMS part is a maximal CPMS interval whose existence is guaranteed by Zorn’s
lemma. Tt is evident that the Borel set IS™® := | J{B: B is a CPMS part of a}
and I, are disjoint.

Clearly, an open subinterval of a CPMS interval is also a CPMS interval. Moreover,
there are at most countably many CPMS parts.

Recall [B2] that if ¢ € I, then 0,C.o(z,t) = Ljg (o (t)) a.e. In fact, the converse
also holds.

Lemma 12. Let ¢y € J and A€ % with \(A) > 0. Then Tj14 =0 a.e. on I\t)(A) and
Tyla >0 ae. onp(A).

Proof. By the measurability of ¢(A), there exists D € % containing 1(A) with A\(D) =
A(¢Y(A)). Soif B e A is such that A (Bny(A)) =0, then A(Bn¢(A)) =A(Bn D) =
A YB) "y (D)) = A~ YB)n A),ie, N(Any~(B)) =0. Hence

J Tilad) = JILA Tylpd\ = fﬂANZ,_l(B) dA = 0.
B I I

Since B is an arbitrary Borel subset of I\¢)(A), Tjj14 = 0 a.e. on I\1)(A).

To show the second part, suppose that B is a positive-measure Borel subset of 1)(A) for
which A (A n¢~1(B)) = 0. This implies that A < ¥~ (B)Uy ™! (Y(A)\B) < ¥~ ((A)\B)
a.e. and then B < ¢(A) < ¢(A)\B a.e. which is a contradiction. Hence, §, Tj14d\ =
A(Anyp™H(B)) >0 for all B < ¢(A). Thus, T,f14 > 0 a.e. on 1p(A). O

Lemma 13. For a € .7, it holds for a.e. t that t € L, if and only if 0:C, o(2,t) € {0, 1}
for a.e. x el

Proof. The “only if” part is shown in [32, Lemma 7]. For the “if” part, it suffices to show
that A, < I, a.e., ie, A(Ay n1,) = A(A,), where A, := {t € I: 0:C, (z,t) € {0,1} a.e. x}.

For each t € A,, since 02C. o(,t) is increasing in x, there exists g(t) € I such that
T3 04)(t) = 02Cea(w,t) = L 1)(2) = Lpoay 0 9(t)  ae. . (4.1)

We then claim that, for a.e. x and a.e. a € a™ (A,), Ly (9(a(a))) = Lpa(a), which
yields that t € I,. In fact, if ¢ = a(a) = a(b) then Iy ,(a ) = 050 (2, 1) = Il 02(0) a.e. x
and a = b. To prove the claim, suppose a € [0,z]. Then «a(a) € a[0, x] and by Lemma
, Trl0,2) ((a)) > 0. By (@), Loz 09 (afa)) =1, ie., g(a(a)) € [O z]. Conversely, if

( (a )) [0 ,IL‘] then 1 = 1o z09 (afa)) = TF1joq (a(a)) = 1=T71 (51 (a(a)). Therefore,
T 1z (a(a)) = 0 and, by Lemma (a) ¢ a(x,1]. This implies that a ¢ (z, 1], that is

e [0, x]. O

On the other hand, if t € ]ISPMS, then the value of 0,C. ,(z,t) satisfies the following
statement.

Lemma 14. Let an open interval B be a CPMS part of « € 7, i.e., there exists a partition
(a.e.) Pp := {I,:= (an,by)},.; of a 1(B) such that each |y, is a strictly monotonic
function from I,, onto B. Then for peZ and a.e. (z,t) € I, x B,

_ [ <o
02Ce o (1) = {M;(t) if £ > o (1),

13



where pi> and i are defined in Subsection . Otherwise, for a.e. (z,t) € (I\a"'(B))x B,
02Cco(7,t) = ps (t) = ps(t) for a unique pair p,q € T satisfying b, < x < aq. Let b, = 0
if I, is the leftmost interval, and a, = 1 if I, is the rightmost interval in o~ (B).

Proof. 1t follows directly from (@) that T*Il[g ]( ) = 01C,(t,x) = 02C; o(x,t), which,
by [14], is equal to >, ., m 21 (a;'(t)) for a.e. t € B and x € I. Hence the result
follows from the definition of s (¢) and g (¢). O

By combining the main result in [32], Theorem @ and Theorem H, we obtain broader
sufficient conditions for implicit dependence copulas to be extreme.

Theorem 15. Let o, f € T and (A;),. be a collection of joining copulas satisfying the
following properties.

1. For ae. t € Iy = I,ulls, A;(02Ccn(x,t),01Cs(t,y)) is measurable in t for
a.e. (z,y) eI

2. For a.e. t el :=15"M5 ]ICPMS T(Ay) == [Va, (I(t) x Ji(t ))] (paezxg 18 extreme

in M (P(t),Q(t)). Here, P(t) = {I(t)} ez And Q(t) = {J.(t)} g 800 (@) are
defined from a|o-1(p) and B \5 1(B)) respectwely, where B is a CPMS part in 1.

3. There is a Borel set S < I\ (Ip v 1) such that A, =W for a.e. t € S and Ay = M
fort eI\ (I ul; US).

Then C := Ce o #(a,) Cpe is extreme.

Proof. By Lemma El, pe = fe, + por + eI ot,) Where pie g is defined by the integral
in (B.1). We then show that the three components are extreme.

o pon,: Since 05C, o(x,1),01Cs,(s,x) € {0,1} for a.e. t € 1,, a.e. selg and z €I,
Va, (R(1)) = (02C¢,a(b; ) — 02Cc a(a,t)) (01Cpe(t, d) — 10 (1, ¢)) = Vir (R(t))

for a.e. t € Iy where R := [a,b] x [¢,d] € I? and R(t) := [02C..a(a,t), 02C. (b, )] x
[01C3(t, c), 01Cp . (t,d)]. This gives pc1,(R) = e, ox05..1, (1) and so, by a similar
proof to that in [B2], pcy, is extreme.

e pcp: Clearly, I is the union of (non-empty) intersections of CPMS parts of o and
B. So pcy, is the sum of Ko, po B! where B{* and Bﬁ are CPMS parts of a and S,

respectively. By a variant of Theorem H for measures on o~ (B) x 7! (B), each
e, p is extreme for B = B n B”B

o pen\(oour): Applying a variant of Theorem @ for measures on a~ ! (I\ (Iy U T;)) x
I\ (Iy v I;)), the assumption yields the extremality of pe 1, o 1)- O

Furthermore, if o, 3 € 7 satisfy A (I, UIT™®) = A (I; UIF™) = 1, then A(Ty U I) =
1 and the extremality of T'(A;) is a necessary condition for the extremality of C, 4 *(a,)Cs,e

Corollary 16. Let o, f € T be such that A (I, U JIOPMS) =A(Igu ]ICPMS) 1 and (A),q
be a collection of joining copulas. Then C := Ceq*a,) Cpe is extreme if and only if T'(A;)
is extreme in M (P(t),Q(t)) for a.e. t € I\ (I, ulp).
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Ce,a * Cﬁ,e C:= Ce,a *(Ag) Cﬁ,e
1 1 1\ /1 N 1 o /1 ]
ék,‘ \7\ \77\ ék,‘ \7\ \77\7
Sy SN
% 8 | | | | | 8 | | | | |
BTN BTN
1 NI R B R T R T
NN RN
O O 1 1 1 1 1 0 1 1 1 1
11 82 131 11 82 131
53 153 1 5 153 1
I w Che M Cesr
1 1 1 1 1
|
|
|
1 1
277777~ 57777‘#7777
|
|
0 0 0 0 0
1 1 1 1 % 1
1 1 2 2 3 3 4 4
tel0,3) te s 3] te(3,3) te[3,5] te(5.1]

Figure 7: (top) Graphs of «, § as well as a@ports of C, o *Cg and C'; (bottom) supports

of joining copulas A; referred in Example

Example 17. Let «, 3 be piecewise linear functions in .7 and (A;),; a collection of

joining copulas as shown in Figure [. Observe that I; = ]ISPMS N ]IEPMS = (%é
Ihy=1,0lg = [0,%) U (%,1] and A; = W]l[
@, the extremality of uc pivots on that of Ho(

12
575

5):

- {(02)-(:3)- ()} 20 {(02)- (1)} -

ay. For t e (

which is not extreme in M (P(t), Q(t)). Hence, C := C, 4 #(a,) Cs, is not extreme.

) and
](t) + M]IP i](t). According to Theorem
5’5
2
57

[ =N
O Wl

The

support of C, , *Cjs . and C are shown in Figure [ in which the orange and green segments
represent extreme and non-extreme parts, respectively. Obviously, T'(A;) are all extreme

in M (P(t),Q(t)) for all t e I\ (2,2).
To generalize Theorem , let us denote for each C' € ¥
Do (t) :={0:C(x,t) : z € 1} for each t € I,

(4.2)

and D, := Dc¢,, for a € 7. Note that {01Cs.(t,y) : y €I} = Dg as well. Since every
transformation matrix with respect to a partition induces a subcopula on its boundary
and vice versa as stated in the paragraph before Theorem [f], in the general case where
D, (t) or Dg(t) might be uncountable, it is natural to consider instead the extremality of
A; as a subcopula on D, (t) x Ds(t). Here, we denote by S(A x B) the class of subcopulas

on A x B where {0,1} € A,B< L.
Remark 18. From Theorem @, we observe that for o, f € 7,

1. if t € Iy, then D, (t) or Dg(t) becomes {0, 1} by Lemma @ which trivially gives the

extremality of A; in S (D, (t) x Dg(t));

2. if t € Iy, then we can find A; on D,(t) x Dg(t) = dP(t) x dQ(t) via (@) Hence,
T(A;) is extreme in M (P(t), Q(t)) if and only if A; is extreme in S (D, (t) x Dg(t));

and

15
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3. iftel\([puly), then A, is extreme in S (D,(t) x Dg(t)) because A; is a Fréchet-
Hoeffding bound for a.e. t e I\ (Iy u ).

Thus, every assumption in Theorem @ can be fused into one statement that “A; is
extreme in S (D,(t) x Dg(t)).” In fact, this is a characterization of the extremality of
Ce,a #(a,) Cp,e- Its proof is adapted from the proof of Theorem H

Theorem 19 (Characterization of extreme bivariate IDCs). Let (A;), be a collec-
tion of joining copulas and E,F € €. If E «,) I is extreme then A, is extreme in
S (Dg(t) x Dpr(t)) for a.e. t € 1. Moreover, if E = C., and F = Cg. for some
a, 8 € T then the extremality of Ay a.e. is a mecessary and sufficient condition, i.e.,
C = Ceq #a,) Cae is extreme if and only if A; is extreme in S (Dqa(t) x Dg(t)) for
a.e. tel

Proof. (=) Assume that there exists P < I of positive measure for which A, = %Bt + %C’t
for some By, C; € € with B, # C, on D, (t) x Dg(t) for all t € P. Without loss of generality,
there exists (a,b) € I for which the set Py = {t e P: B, (R(a,b) (t)) > C, (R(a,b) (t))}
has positive Lebesgue measure, where R, ) (t ) (02Cc o (a,t), 01C5(t,1)). If we define
two new classes of joining copulas by

Bz - {Bt ifte P(a,b)§ and Cé — {Ct ifte P(a,b)§

A; otherwise, A; otherwise,

then C) := C. 4 *(Bl) Cpe and Cy := C, *(CY) Cs, are not equal as
Cy (CL, b) - CQ(av b) = J I:B; (R(a,b) (t)) - C; (R(a,b) (t))] d/\(t) > 0.
Pla,b)

Moreover, the assumption implies that A, = £ B + 3C; on Dy (t) x Dg(t) for all ¢ € T and
hence C' = %C’l + %C'Q.

(<) Assume that puc = 2,u(;1 , for some C1, Cy € € with C # Cy. Then pe, € pc
for ¢+ = 1,2 and hence, by Lemma C’1 Cen #(B) Cpe and Cy = Ce o #(c,) Cpe for some
(Bt)yer» (Ci) g © €. Restricting the above measures on Gr, 3(S) for S € # (see (@)),
we obtain pcgs = %Mcl,s + %/LCZ,S. In particular, for (z,y) e I?,

L A (Rip(8)) dA(t) = ; J B, (R (8)) dA(t) + ; L Cy (o)) dA(D)

_ L G B+ 5@) (R (1)) dA(E).

Since S and (z,y) are arbitrary, we have 4, = $B, + 3C; on D, (t) x Dg(t) for a.e. t € I.
Finally, the fact that B; # Cy on D,(t) x Dg(t) for all t in a set of positive measure P
can be verified in the similar way as Theorem [f. O

5 Extreme multivariate implicit dependence copulas
In this context, (d-dimensional) implicit dependence copulas are joint distribution func-

tions of U(0,1)-random variables X1, Xs,..., Xy for which a;1(X;) = as(Xs) = -+ =
aq(Xy) for some ay, g, ..., g € 7. From [, B1], they can be written as a d-dimensional
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generalized product of C. ,,, i.e., ‘>C}l<A Cep;: (1,0 24) — Sé A, ((GQCe,ai(xi, t))f:1> dt for
some A := (A;),. S €u, the spauzc:e1 of d-copulas. As in 2-dimensional case, ¢, C. ., :=
*(11,) Ce,a;» Where Il;: (x1,...,2q) ¥ 1+ - x4 is the d-dimensional independent copula,
Za:rle called factorizable copulas. The proof in [32] can be adapted to multivariate case and
gives a necessary and sufficient condition for factorizable d-copulas to be extreme.

Theorem 20. Foraq,as,...,aq€ 7, >l<§i:1 Ce.a; s extreme if and only if A (Hai U ]Iaj) =1
foralli #j.

Example 21. Let a, 5,71, € 7 whose graphs are shown in Figure B Then the support

Q
sy
«3
2

1 1 1 T 1
| 3 3 | |
| tree S I |
I I I I I
I I I I I
1l 7/ ____] I L5 AN I
4 I I 4 I I I
1 1 1 1
0 1 1 0 3 1 0 1 3 1 0 1 1
4 4 4 4 2

Figure 8: Graphs of a, 3,7, and 7, in Example @

of factorizable copulas C; := 3 (Ceq,Cep, Cery) and Cy = % (Ce g, Cep, Cey) lie on
the graphs a(z) = B(y) = 1(z) and a(x) = B(y) = v2(z), respectively, as shown in
Figure . Observe that A (I, ulg) = A(I,ul,,) = A(Izul,) = 1 but A(I,ul,,) =

Figure 9: Supports of C} and C5 in Example @

AIgul,) = % < 1. Hence by Theorem @, (' is extreme while Cy is not. In addition, it
is straightforward to show that

1 1
Cy = 5 VA (Ce,cw Ce,ﬁa Ce,’YQ) + 5 Fa (06704? Ce,ﬁ’ 06772) )

where M3(z,y,z) = min{x,y, z} is the 3-dimensional comonotonic copula, A = (A4;)
At = Dl]l(OVi)(t)_‘_DZ]l[i?%

0= Ds(1,%,3) (the existence of Dy, D5 can be found in [20]).

tel’

](t)+D3]l(§71)(t) and Dy, Dy, D5 € 63 are such that D; (3,1, 3)

A d-dimensional analog of Theorem @ can be proved by similar arguments using the
characterization of multivariate implicit dependence copulas in [31].

Theorem 22 (Characterization of extreme multivariate IDCs). Let oy, ,...,aq € T

d
and A := (A¢),o be a collection of d-copulas. Then % 4 (Ceq,) is extreme if and only if
=1

(2

A; is extreme in S (X?Zl Dai(t)> for a.e. tel.

17



When A = (Il;),, it is not hard to see that Theorem @ and @ are compatible. This
follows from Lemma [1d and the fact that II; is extreme on S (szl R,-) only in the case
R; = {0, 1} for all but at most one index i € {1,...,d}.
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