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Abstract

Copulas of continuous random variables satisfying fpXq “ gpY q a.s. for some
Borel functions f and g, where fpXq has continuous distribution, are called implicit
dependence copulas, of which a special subclass is the class of factorizable copulas,
i.e., copulas that can be written as the Markov product of a left invertible copula and
a right invertible copula in that order. Implicit dependence copulas were recently
shown to coincide with generalized Markov products of left and right invertible
copulas, where the joining copulas are arbitrary. In this paper, we obtain char-
acterizations of extreme factorizable copulas and prove that implicit dependence
copulas whose joining copula is one of the Fréchet-Hoeffding bounds are extreme.
This condition, however, is not necessary, which will be shown via some examples
of extreme implicit dependence copulas.
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1 Introduction
In probabilistic modeling, copulas are used to describe dependence among random vari-
ables. Copulas are also of enormous interest in their own right. See Durante-Sempi [12],
Nelsen [15] and references therein. For instance, complete dependence copulas, defined as
copulas of continuous random variables X and Y for which one is almost surely (a.s.) a
Borel function of the other, have been studied extensively [23, 25] and applied to certain
theoretical problems, see e.g. Schreyer, Paulin and Trutschnig [22] and Trutschnig [26].
Recently, there started novel investigations [17, 18, 19, 20, 24] on implicit dependence cop-
ulas, defined as copulas of continuous random variables X,Y for which there exist Borel
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functions f, g satisfying fpXq “ gpY q a.s. and fpXq has continuous distribution. Clearly,
it reduces to a complete dependence copula if f or g is the identity map. But, unlike
complete dependence copulas, for a given pair of f and g, implicit dependence copulas of
X,Y for which fpXq “ gpY q a.s. are not unique in general. Printechapat and Sumetki-
jakan [20] studied a much more tractable subclass of the collection of implicit dependence
copulas, called factorizable copulas. A given pair of f and g gives a unique factoriz-
able copulas of X,Y for which fpXq “ gpY q a.s. Using different approaches, Ansari and
Rüschendorf [1] and Panyasakulwong, Santiwipanont, Sumetkijakan and Yanpaisan [18]
showed that implicit dependence copulas can be written as a generalized Markov product
of two complete dependence copulas with respect to a class of joining copulas.

The space C of bivariate copulas is clearly convex and compact with respect to the
weak operator topology. As such, the extreme points of C , called extreme copulas and de-
fined as copulas that cannot be written as a convex sum of two distinct copulas, have been
investigated in several of its equivalent forms for over five decades, see e.g. Brown and
Shiflett [4], Douglas [8], Hestir and Williams [13] and Lindenstrauss [14]. Note that com-
plete dependence copulas are basic examples of extreme points of C . However, extreme
copulas do not necessarily describe complete dependence relationship between random
variables. For instance, the extremality of copulas with symmetric hairpin support was
shown by Seethoff and Shiflett [23] and the so-called line-in-square copula was shown to be
extreme by Applegate, Reeds, Scheinberg, Shepp and Shor [2, Theorem 1]. It was noted
that these two examples are not factorizable [20]. Moreover, Printechapat, Santiwipanont
and Sumetkijakan [19] showed that any extreme copula is not strictly factorizable in the
sense that it cannot be written as a Markov product Ce,α ˚ Cβ,e, where α, β P T are not
bijections. However, there actually are extreme copulas which are strictly factorizable (see
Examples 2 and 12). In fact, the proof in [19] used an incorrect property of one-sided-
invertible copulas. Ergo, this manuscript started out to identify all strictly factorizable
extreme copulas. Our main results are characterizations of extreme factorizable copulas
(Theorem 9 and Theorem 15) and a simple sufficient condition under which an implicit
dependence copula is extreme (Theorem 17). See Figure 8.

The manuscript is organized as follows. Necessary background is given in the next
section. In section 3, we characterize the extremality of factorizable copulas using some
adjustments from [19] and a characterization of implicit dependence copulas from [18].
The condition involves the injective parts of the corresponding measure-preserving trans-
formations. Section 4 gives a necessary and sufficient condition under which a non-atomic
extreme copula is factorizable. The extremality of implicit dependence copulas whose join-
ing copula is eitherM orW is also proved in the same section. To illustrate the variability
of the joining copulas, a few examples of extreme implicit dependence copulas are then
discussed.

2 Background
Let us denote I :“ r0, 1s, B :“ the Borel σ-algebra on I, λ :“ Lebesgue measure on
pI,Bq, L1 pI,S q :“ the space of λ-integrable S -measurable functions where S is a sub-
σ-algebra of B and L1pIq :“ L1pI,Bq. A function C : I2 Ñ I is called a copula if it is
grounded, i.e., Cp0, yq “ 0 “ Cpx, 0q for all x, y, has uniform marginals, i.e., Cp1, yq “ y
and Cpx, 1q “ x for all x, y and is 2-increasing:

VCpBq :“ Cpx2, y2q ´ Cpx2, y1q ´ Cpx1, y2q ` Cpx1, y1q ě 0
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for every rectangle B :“ rx1, x2s ˆ ry1, y2s Ď I2. The C-volume VC can be extended to a
unique Borel probability measure µC such that for any A P B, µC pA ˆ Iq “ µC pIˆAq “

λpAq. Furthermore, its definition implies that every copula is non-decreasing in each
variable and Lipschitz with respect to the ℓ1-norm on I2. Therefore, the first partial
derivatives of a copula exist almost everywhere with values in r0, 1s. See [12, 15] for more
fundamental properties of copulas.

A Borel transformation f on I is said to be measure-preserving if λ pf´1pBqq “ λpBq

for every B P B. Denoting the class of copulas and the class of measure-preserving
transformations respectively by C and T . It is well-known that every copula can be
written as Cf,g : I2 Ñ I, defined by

Cf,gpx, yq :“ λ
´

f´1pr0, xsq X g´1pr0, ysq

¯

, (2.1)

for some f, g P T . Conversely, it is straightforward to show that every Cf,g is a copula
although the representation is not unique. Proofs of this characterization of copulas can
be found in de Amo et al. [7] and Vitale [27]. It is an elementary fact that the inverse
image of a Borel set under a Borel map is again Borel. However, this is not always true
for direct images. The direct image of a Borel set under a Borel map is called Souslin or
analytic, see Bogachev [3]. The collection SX of all Souslin subsets in a Hausdorff space X
is closed under countable union and intersection. Furthermore, it is closed under taking
the direct image and the inverse image under a Borel map. Nevertheless, SX is not closed
under complement. The complement of an analytic set is called coanalytic. Clearly, every
Borel set is both analytic and coanalytic.

Continuous random variables X and Y are said to be completely dependent if there
exists a Borel function f such that Y “ fpXq a.s. or X “ fpY q a.s.; and they are said
to be implicitly dependent if there exist Borel functions f and g such that fpXq “ gpY q

a.s. and fpXq has continuous distribution. If X and Y are completely/implicitly depen-
dent continuous random variables, then their copula CpX,Y q is called a complete/implicit
dependence copula. Let us denote the class of complete dependence copulas by CCD and
the class of implicit dependence copulas by CID. It is well known [12, 25] that a copula
C is complete dependence if and only if C “ Ce,ψ or C “ Cψ,e for some ψ P T where e is
the identity on I. In fact, CpU,ψpUqq “ Ce,ψ and CpψpUq,Uq “ Cψ,e whenever U „ Up0, 1q.

Let pX,µq and pY, νq be probability spaces. A linear operator T : L1pXq Ñ L1pY q

is called a Markov operator if T is positive, T1X “ 1Y , and
ş

Y
Tf dλ “

ş

X
f dλ for

all f P L1pXq. By standard arguments in functional analysis, every Markov operator
has unit norm and its adjoint operator on L8pIq can be extended to a unique Markov
operator, denoted by T ˚. Notable members of the class M of Markov operators on L1pIq
are Tψ : f ÞÑ f ˝ ψ, where ψ P T , whose adjoint T ˚

ψ maps f ˝ ψ to f . So it is clear that
Tψ and T ˚

ψ are left and right invertible, respectively. M is in a one-to-one correspondence
with C via the mappings Ψ: M Ñ C and Φ: C Ñ M , where

ΨpT qpx, yq :“

ż x

0

“

T1r0,ys

‰

psq ds and rΦpCqf s pxq :“
d

dx

ż 1

0

B2Cpx, tqfptq dt.

The class M with the composition ˝ is isomorphic to C with the Markov product ˚ defined
by C ˚ Dpx, yq :“

ş1

0
B2Cpx, tqB1Dpt, yq dt. Moreover, Ψ pTf q “ Ce,f and Ψ

`

T ˚
f

˘

“ Cf,e
are left and right invertible, respectively, and Cf,g “ Cf,e ˚ Ce,g for f, g P T , i.e., every
copula can be factored as a product of right and left invertible copulas. Furthermore,
the Markov product gives rise to a binary operation on the class D of doubly stochastic
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measures by pµ ˚ νq pE ˆ F q “
ş1

0
d
dt
µ pE ˆ r0, tsq d

dt
ν pr0, ts ˆ F q dt for µ, ν P D . The

generalized Markov product of copulas C and D with respect to a parametric class of
joining copulas A :“ tAtutPr0,1s, is formally defined as

C ˚A Dpx, yq :“

ż 1

0

AtpB2Cpx, tq, B1Dpt, yqqdt for x, y P r0, 1s.

Note that if the map pt, x, yq ÞÑ Atpx, yq is Borel measurable, then the function C ˚AD is
a copula [10, 11, 12, 21]. The product is simply written C ˚A D if At “ A for all (a.e.) t.

For a given C P C or its corresponding Markov operator T , the relation ΣC “ ΣT

contains all pR,Sq P B ˆ B for which TC1S “ 1R a.e. The Borel sub-σ-algebras σ˚
C “

σ˚
T and σC “ σT are defined as π1 pΣCq and π2 pΣCq, respectively, where πi denotes

the canonical projection on the ith-axis. The copula C (and the corresponding Markov
operator TC) is called non-atomic if both σ˚

C and σC are non-atomic in the sense that for
each S P S “ σ˚

C or σC satisfying λpSq ą 0, there is a subset R P S of S with Lebesgue
measure strictly between 0 and λpSq. In fact, it is known, see Sumetkijakan [24], that
the atomicity of σ˚

C and σC always agree. Furthermore, by Darsow and Olsen [6], the
non-atomicity of C implies that there exist f, g P T satisfying

σ˚
C « f´1pBq and σC « g´1pBq. (2.2)

For sub-σ-algebras R and S of B, R « S means that for each R P R there is S P S
such that λ pR△Sq “ 0 and for each S P S there is R P R such that λ pR△Sq “ 0, where
R△S :“ pRzSqYpSzRq. The choice of f, g P T in (2.2) is unique up to a composition of an
invertible measure-preserving transformation, i.e., if σ˚

C « f´1
1 pBq and σC « g´1

1 pBq, then
there are h1, h2 P Tinv :“ th P T | Dk P T , h ˝ k “ e “ k ˝ h a.e.u such that f1 “ h1 ˝ f
a.e. and g1 “ h2 ˝g a.e. In addition, if (2.2) holds then S :“ Cf,e ˚C ˚Ce,g is invertible and
C 1 :“ Ce,f ˚ S ˚ Cg,e satisfies σC1 “ σC and σ˚

C1 “ σC . Note that C 1, called the isoalgebra
factorizable copula of C, is independent of the choice of f, g [20]. Finally, the condition
C 1 “ C is a criterion for verifying that C is factorizable, that is C “ Ce,φ ˚ Cψ,e for some
φ, ψ P T . For more details, see [20, 24].

3 Characterization of extreme factorizable copulas
It was shown in [19] that if an extreme copula is factorizable then it has to be one-sided
invertible. However, there is an inaccurate point in the proof of this statement which also
hints on how to obtain a counterexample. To see this, let us recall some basic facts on
ordinal sums of copulas.

Definition 1 ([12, 15]). Let Λ be a countable subset of N (finite or countably infinite),
tpak, bkqukPΛ a family of non-overlapping open intervals in r0, 1s and tCkukPΛ a family of
copulas. Moreover, denote skpzq :“ z´ak

bk´ak
for z P pak, bkq and k P Λ. Define the ordinal

sum C :“ xak, bk, CkykPΛ of tCkukPΛ with respect to tpak, bkqukPΛ by

Cpx, yq “

#

ak ` pbk ´ akqCk pskpxq, skpyqq if px, yq P pak, bkq
2 ;

min tx, yu otherwise.

Note that ordinal sums can be characterized as copulas C for which C pt, tq “ t for
some t P p0, 1q. Moreover, Cpt, tq “ t if and only if C is the ordinal sum of two copulas
with respect to tp0, tq, pt, 1qu [15].
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Example 2. Let φ, ψ P T be defined as follows:

φpxq “

$

’

&

’

%

2x if 0 ď x ă 1
4
;

2x ´ 1
2

if 1
4

ď x ă 1
2
;

x if 1
2

ď x ď 1,

and ψpxq “

$

’

&

’

%

x if 0 ď x ă 1
2
;

2x ´ 1
2

if 1
2

ď x ă 3
4
;

2x ´ 1 if 3
4

ď x ď 1.

To show that the copula C :“ Ce,φ ˚ Cψ,e, whose graph is shown in Figure 1, is extreme,

Ce,φ

˚

Cψ,e Ce,φ ˚ Cψ,e

Figure 1: Supports of Ce,φ, Cψ,e and their product for the counterexample

suppose C “ kA ` p1 ´ kqB for some k P p0, 1q and A,B P C . As C is the product
of two ordinal sums with respect to the same partition

␣`

0, 1
2

˘

,
`

1
2
, 1
˘(

, it follows that
C
`

1
2
, 1
2

˘

“ 1
2
. Since the Fréchet-Hoeffding bounds for all copulas at

`

1
2
, 1
2

˘

areW
`

1
2
, 1
2

˘

“ 0
and M

`

1
2
, 1
2

˘

“ 1
2
, this implies that A

`

1
2
, 1
2

˘

“ 1
2

“ B
`

1
2
, 1
2

˘

. So C, A and B are
ordinal sums of tC1, C2u , tA1, A2u and pB1, B2q with respect to

␣`

0, 1
2

˘

,
`

1
2
, 1
˘(

. By direct
calculations (see Figure 1), C1 and C2 are left and right invertible, hence extreme. Since
Ci “ kAi ` p1 ´ kqBi, i “ 1, 2, we have C1 “ A1 “ B1 and C2 “ A2 “ B2 which imply
that A “ B “ C. Therefore, C is an extreme point of C .

Example 2 gives a pair φ, ψ P T for which the copula Ce,φ ˚Cψ,e is extreme. Observe
that φ´1 ptφpxquq is a singleton for x P

`

1
2
, 1
˘

and ψ´1 ptψpxquq is a singleton for x P
`

0, 1
2

˘

.
Furthermore, φ

`“

1
2
, 1
‰˘

Y ψ
`“

0, 1
2

‰˘

“ r0, 1s. Notice that the proof of Theorem 5 in [19]
hinges on a false claim [19, Lemma 4]: if ψ P T is not invertible and c P p0, 1q then there
exists a bounded β ě 0 such that T ˚

ψβ “ c1 and T ˚
ψ

`

pβ ´ cq1r0,ss

˘

ă 0 a.e. for some
s P r0, 1s. Therefore, in order to revise [19, Theorem 5], we need more insights on the
Markov operator T ˚

ψ , where ψ P T zTinv, which leads us to the following lemma.

Lemma 3. Let ψ P T zTinv. Then for any c P p0, 1q, there is a non-constant non-
negative function β P L8pIq such that T ˚

ψβ “ c1. Also, let Pβ :“ ty P I : βpyq ą cu and
Nβ :“ ty P I : βpyq ă cu. Then we obtain the following.

1. T ˚
ψ ppβ ´ cq1Aq “ 0 a.e. on I zψpAq for all A P B.

2. Both Pβ and Nβ have positive Lebesgue measure and for all Borel subsets C and D
of Pβ and Nβ, respectively, with positive measure,

T ˚
ψ ppβ ´ cq1Cq ą 0 a.e. on ψpCq and (3.1)
T ˚
ψ ppβ ´ cq1Dq ă 0 a.e. on ψpDq. (3.2)

3. If Cβ Ď Pβ and Dβ Ď Nβ are Borel sets for which λ pCβq “ λ pPβq and λ pDβq “

λ pNβq, then λ pψpCβq△ψpDβqq “ 0 where A△B :“ pAzBq Y pBzAq.

Proof. Since ψ P T is not invertible, the linear operator T ˚
ψ is not injective, i.e., kerT ˚

ψ ‰

t0u. So by the denseness of L8pIq in L1pIq, there exists α ı 0 in L8pIq such that T ˚
ψα ” 0

and hence there is k ą 0 for which k|αpyq| ď c for a.e. y P I. Let β :“ kα ` c1. Then β
satisfies the following properties and the first part of the statement is proved.
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• βpyq P r0, 2cs a.e.

• T ˚
ψβ “ kT ˚

ψα ` cT ˚
ψ1 “ c1.

• β is not a constant function. Otherwise, α would be a nonzero constant function in
the kernel of T ˚

ψ which is impossible.

1.) Let A P B. Since ψ is a Borel map, the measurability of ψpAq follows from [3,
Theorem 6.7.3]. Then for B P B with λ pB X ψpAqq “ 0 and a Borel set D containing
ψpAq, if λpDq “ λ pψpAqq then λ pB X ψpAqq “ λ pB X Dq “ λ pψ´1pBq X ψ´1pDqq ě

λ pψ´1pBq X Aq. So λ pψ´1pBq X Aq “ 0 and
ż

B

T ˚
ψ ppβ ´ cq1Aq dλ “

ż

I
pβ ´ cq1A ¨ Tψ1B dλ “

ż

I
pβ ´ cq1AXψ´1pBq dλ “ 0.

Since B is an arbitrary subset of I zψpAq, T ˚
ψ ppβ ´ cq1Aq “ 0 a.e. on I zψpAq.

2.) Since β ‰ c1, at least one of Pβ and Nβ must have positive measure and we may
assume without loss of generality that λpPβq ą 0. Let C be a positive measure Borel subset
of Pβ. So T ˚

ψ ppβ ´ cq1Cq ě 0. Let B be a positive-measure Borel subset of ψpCq satisfying
λ pC X ψ´1pBqq “ 0. The expression C Ď ψ´1 pψpCqq “ ψ´1pBq 9Yψ´1 pψpCqzBq implies
that C Ď ψ´1 pψpCqzBq a.e. So B Ď ψpCq Ď ψ pψ´1 pψpCqzBqq “ ψpCqzB a.e., which is
a contradiction. Hence, λ pC X ψ´1pBqq ą 0 and

ż

B

T ˚
ψ ppβ ´ cq1Cq dλ “

ż

ψ´1pBq

pβ ´ cq1C dλ “

ż

CXψ´1pBq

pβ ´ cq dλ ą 0,

which yields (3.1). Next, if λpNβq “ 0, then

1 “ 1Pβ ` 1Zβ ` 1Nβ “ 1Cβ ` 1PβzCβ ` 1Zβ “ 1Cβ ` 1Zβ a.e.,

where Zβ :“ ty P I : βpyq “ cu and Cβ is a Borel subset of Pβ with λ pCβq “ λ pPβq.
Consequently,

0 “ T ˚
ψ ppβ ´ cq1q “ T ˚

ψ

`

pβ ´ cq1Cβ
˘

` T ˚
ψ

`

pβ ´ cq1Zβ
˘

“ T ˚
ψ

`

pβ ´ cq1Cβ
˘

a.e.,

which contradicts (3.1). So λpNβq ą 0 and (3.2) can be shown in a similar manner.
3.) Let A :“ ψpCβqzψpDβq. Then 1 “ 1Cβ ` 1Zβ ` 1Dβ a.e. and

0 “

ż

A

T ˚
ψ

`

pβ ´ cq1Cβ
˘

dλ `

ż

A

T ˚
ψ

`

pβ ´ cq1Zβ
˘

dλ `

ż

A

T ˚
ψ

`

pβ ´ cq1Dβ
˘

dλ

“

ż

A

T ˚
ψ

`

pβ ´ cq1Cβ
˘

dλ,

where the last equality follows from 1. If λpAq were positive then (3.1) would imply that
the last integral is positive, a contradiction. One can show that λ pψpDβqzψpCβqq “ 0 in
a similar way. Consequently, λ pψpCβq△ψpDβqq “ 0.

For a fixed ψ P T zTinv and β ‰ c1 satisfying T ˚
ψβ “ c1 a.e., if A is a positive-measure

Borel set for which β ą c on A, then, by Lemma 3(2), T ˚
ψ ppβ ´ cq1Aq ą 0 a.e. on ψpAq.

Since T ˚
ψβ “ c1 a.e., the inequality implies that T ˚

ψ

`

pβ ´ cq1I zA

˘

ă 0 a.e. on ψpAq. By
Lemma 3(1), T ˚

ψ

`

pβ ´ cq1I zA

˘

“ 0 a.e. on I zψpI zAq. Hence, ψpAq X pI zψpI zAqq must
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have measure zero, i.e. almost every element in ψpAq is also in ψpI zAq. Letting Iψ denote
the image of the injective part for ψ:

Iψ :“
␣

x P I : |ψ´1pxq| “ 1
(

,

it follows that λ pψpAq X Iψq “ 0. The next statement shows that λ pψpAq Y Iψq “ 1 for
a suitably chosen β.

Lemma 4. Let ψ P T zTinv and c P p0, 1q. Then there is a β0 in

Fψ :“
␣

β P L8pIq : βpIq Ď I a.e. and T ˚
ψβ “ c1 a.e.

(

and a Borel subset Cβ0 of Pβ0 :“ ty P I : β0pyq ą cu such that λ pCβ0q “ λ pPβ0q and
λ pψpCβ0q Y Iψq “ 1.

Proof. Observe that Fψ is a closed subset of S˚ :“
␣

f P L8pIq : ∥f∥L8pIq ď 1
(

, which is
compact (in the weak*-topology) by Banach-Alaoglu Theorem. So Fψ is also compact. It
is easy to see that Fψ is a convex set containing c1. Then Krein-Milman Theorem implies
that there is an extreme point β0 P Fψ. Note that we have the following information.

• β0 ı c1 because c1 is not an extreme point.

• By (3.1) in Lemma 3(2), there exists a Borel set Cβ0 Ď Pβ0 such that λ pCβ0q “

λ pPβ0q ą 0 and
T ˚
ψ

´

pβ0 ´ cq1Cβ0

¯

ą 0 a.e. on ψ pCβ0q .

Moreover, if we denote Nβ0 :“ ty P I : β0pyq ă cu and Dβ0 a Borel subset of Nβ0

with λ pDβ0q “ λ pNβ0q, then Lemma 3(3) forces λ pψpCβ0q△ψpDβ0qq “ 0 and, by
(3.2) in Lemma 3(2),

T ˚
ψ

´

pβ0 ´ cq1Dβ0

¯

ă 0 a.e. on ψ pCβ0q .

If λ pψ pCβ0q Y Iψq ă 1, then there exists a Borel subset E of I z pψ pCβ0q Y Iψq with the
same measure. Since λpψpCβ0q△ψpDβ0qq “ 0, β0pyq “ c for a.e. y P ψ´1pEq. Moreover,
|ψ´1pxq| ě 2 for a.e. x P E, or ψ is not injective on ψ´1pEq. Then there exists ρ P

ker
`

T ˚
ψ

˘

z t0u such that supppρq Ď ψ´1pEq and |ρpyq| ď min t1 ´ c, cu for a.e. y P I. In
fact, φ :“ ψ |ψ´1pEq is a measure-preserving transformation from ψ´1pEq to E and hence
T ˚
φ : L

8 pψ´1pEqq Ñ L8pEq is a Markov operator. Then there exists ξ P ker
`

T ˚
φ

˘

zt0u

such that |ξpyq| ď min t1 ´ c, cu for a.e. y P ψ´1pEq. Thus, ρ :“ ξ ¨ 1ψ´1pEq P L8pIq
satisfies the desired properties. Let β1 :“ β0 ` ρ and β2 :“ β0 ´ ρ. Then both β1 and
β2 are in Fψ and not equal to β0 “ 1

2
pβ1 ` β2q, which contradicts the extremality of β0.

Thus, λ pψpCβ0q Y Iψq “ 1.

By adjusting the proof of Theorem 5 in [19] using Lemma 3 and 4, we obtain an
accurate version as stated in the next theorem. Certain details in the proof that mimic
the corresponding arguments in [19, Theorem 5]

Theorem 5. If a Markov operator is of the form Tφ ˝ T ˚
ψ for some φ, ψ P T satisfying

λ pIφ Y Iψq ă 1, then it cannot be extreme.
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Proof. Suppose that T “ Tφ ˝T ˚
ψ where φ, ψ P T and λ pIφ Y Iψq ă 1. Then neither φ nor

ψ is invertible as λ pIξq “ 1 whenever ξ P Tinv. Let µ, µ1 and µ2 be the doubly stochastic
measures associated with T, Tφ and T ˚

ψ , respectively. So µ “ µ1 ˚ µ2. By the same proof
as in [19, Theorem 5], Lemma 4 yields measures µ11 and µ21 defined on BpI2q by

µ11pEq :“

ż

E

βpsq dµ1ps, tq “

ż 1

0

βpsq1Espφpsqq dλpsq and (3.3)

µ21pEq :“

ż

E

γptq dµ2ps, tq “

ż 1

0

γptq1Etpψptqq dλptq (3.4)

where β, γ P L8pIq satisfy T ˚
φβ “ T ˚

ψγ “ 1
2
1 and Ex, E

y denote respectively the x-
section and the y-section of E. Still following the proof of [19, Theorem 5], if we define
measures µ12pEq :“ µ1pEq ´ µ11pEq and µ22pEq :“ µ2pEq ´ µ21pEq for E P BpI2q, then
µ3 :“ 2 pµ11 ˚ µ21 ` µ12 ˚ µ22q and µ4 :“ 2 pµ11 ˚ µ22 ` µ12 ˚ µ21q are doubly stochastic
measures such that µ “

µ3`µ4
2

.
To show that µ, i.e. T , is extreme, it remains to verify that µ3 ‰ µ4. This last part

of the proof relies heavily on the two newly proven lemmas. By Lemma 3(2) and Lemma
4, the chosen functions β and γ also satisfy Mφ :“ T ˚

φ

``

β ´ 1
2

˘

1Cβ

˘

ą 0 on φ pCβq and
Mψ :“ T ˚

ψ

``

γ ´ 1
2

˘

1Cγ

˘

ą 0 on ψpCγq, where

λ pφpCβq Y Iφq “ λ pψpCγq Y Iψq “ 1. (3.5)

Here, Cβ (resp., Cγ) is a Borel subset of Pβ :“ ty P I : βpyq ą cu (resp., Pγ) with the same
measure. Applying µ3 ´ µ4 to E :“ Cβ ˆ Cγ gives

pµ3 ´ µ4q pEq “ 2 rpµ11 ´ µ12q ˚ pµ21 ´ µ22qs pEq

“ 8

„ˆ

µ11 ´
1

2
µ1

˙

˚

ˆ

µ21 ´
1

2
µ2

˙ȷ

pEq

“ 8

ż 1

0

d

dz

ˆ

µ11 ´
1

2
µ1

˙

pCβ ˆ r0, zsq ¨
d

dz

ˆ

µ21 ´
1

2
µ2

˙

pr0, zs ˆ Cγq dλpzq.

Now, the expression (3.3) gives

d

dz

ˆ

µ11 ´
1

2
µ1

˙

pCβ ˆ r0, zsq “
d

dz

ż

Cβ

ˆ

βpsq ´
1

2

˙

1r0,zspφpsqq dλpsq

“
d

dz

ż 1

0

1Cβpsq

ˆ

βpsq ´
1

2

˙

B2Cφ,e pz, sq dλpsq “ Mφpzq.

Similarly, (3.4) gives d
dz

`

µ21 ´ 1
2
µ2

˘

pr0, zs ˆ Cγq “ Mψpzq. So

pµ3 ´ µ4q pEq “ 8

ż 1

0

Mφ ¨ Mψ dλ

“ 8

ż

Iφ Y Iψ
Mφ ¨ Mψ dλ ` 8

ż

I zpIφ Y Iψq
Mφ ¨ Mψ dλ

“ 8

ż

φpCβqXψpCγq

Mφ ¨ Mψ dλ ą 0. (3.6)

The last equality is a consequence of the following. Note from the discussion after Lemma
3 that

λ pφpCβq X Iφq “ λ pψpCγq X Iψq “ 0. (3.7)
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• By (3.7) and Lemma 3(1), Mφ ” 0 a.e. on Iφ Ď I zφ pCβq and Mψ ” 0 a.e. on
Iψ Ď I zψ pCγq. So

ş

Iφ Y Iψ
Mφ ¨ Mψ dλ “ 0.

• (3.7) also implies that

λ ppφpCβq X ψpCγqq X pIφ Y Iψqq ď λ ppφpCβq X Iφq Y pψpCγq X Iψqq

ď λ pφpCβq X Iφq ` λ pψpCγq X Iψq “ 0.

On the other hand, (3.5) gives

λ ppφpCβq X ψpCγqq Y pIφ Y Iψqq ě λ ppφpCβq Y Iφq X pψpCγq Y Iψqq “ 1.

Hence λ
`

pφpCβq X ψpCγqq△ pI z pIφ Y Iψqq
˘

“ 0, i.e.,
ş

I zpIφ Y IψqMφ ¨ Mψ dλ

“
ş

φpCβqXψpCγq
Mφ ¨ Mψ dλ as desired.

Moreover, the inequality (3.6) comes from the properties of β and γ discussed above,
including the assumption λ pIφ Y Iψq ă 1. Thus, µ3 ‰ µ4.

The theorem above can be rephrased as: for any φ, ψ P T , if Ce,φ ˚ Cψ,e is extreme
then λ pIφ Y Iψq “ 1. To investigate the converse, we use a characterization of implicit
dependence copulas in terms of generalized Markov product stated as follows.

Theorem 6. Let α, β P T .

• The generalized Markov product C :“ Ce,α ˚A Cβ,e is an implicit dependence copula
whenever the class of joining copulas A “ tAtutPI makes such product well-defined.
In other words, there exist X,Y „ Up0, 1q such that αpXq “ βpY q a.s. and C “

CpX,Y q.

• Conversely, if X,Y „ Up0, 1q have C as their copula and satisfy αpXq “ βpY q

a.s. then there exists a class of joining copulas A “ tAtutPI such that C “ Ce,α˚ACβ,e.

This theorem is investigated first by Panyasakulwong et al. [17] and is extended to
a general version in [18], in which the formula for joining copulas At in the case that
α, β P T are countably piecewise monotonic surjections is derived. The complete version
of this theorem is inspired by [1].

It is well-known [6] that for any α P T , B1Ce,αpx, yq “ 1r0,ys pαpxqq P t0, 1u a.e. but
B2Ce,αpx, yq cannot be written in a similar form. However, the following statement shows
that B2Ce,α can be expressed explicitly on Iˆ Iα.

Lemma 7. Let α P T and x P I. Then B2Ce,αpx, tq “ B1Cα,ept, xq P t0, 1u for a.e. t P Iα.

Proof. Notice that for a.e. t P Iα, B1Cα,ept, xq “ T ˚
α1r0,xsptq by the correspondence between

copulas and Markov operators [12]. Now, for every Borel subset B of Iα,
ż

B

T ˚
α1r0,xspyq dλpyq “

ż

α´1pBq

1r0,xspzq dλpzq “

ż

B

1r0,xs ˝ α´1psq dλpsq, (3.8)

where the last equality follows from the change of variable, see Dudley [9, Theorem 4.1.11
& Problem 7 p. 122], under the assumption that α´1 |B is injective and measure-preserving.
Since the expression (3.8) is true for all B Ď Iα, we have T ˚

α1r0,xsptq “ 1r0,xs ˝ α´1ptq,
i.e., B1Cα,ept, xq P t0, 1u for a.e. t P Iα as desired.

9



Now, we are ready to show the converse direction of Theorem 5.

Lemma 8. Let φ, ψ P T be such that λ pIφ Y Iψq “ 1. If D P C is such that µD
is absolutely continuous with respect to µCe,φ˚Cψ,e, written µD ! µCe,φ˚Cψ,e, then D “

Ce,φ ˚ Cψ,e.

Proof. Let D P C be such that µD ! µCe,φ˚Cψ,e . By [24, Theorem 4.6], D P CID is a copula
of X,Y „ Up0, 1q satisfying φpXq “ ψpY q a.s. and, by Theorem 6, D “ Ce,φ ˚A Cψ,e for
some A “ tAtutPI Ď C . For fixed a, b, c, d P I such that a ď b and c ď d, let us consider the
D-volume of R :“ ra, bs ˆ rc, ds. By a straightforward derivation, VDpRq “

ş

I F ptq dλptq
where F ptq :“ VAt prB2Ce,φpa, tq, B2Ce,φpb, tqs ˆ rB1Cψ,ept, cq, B1Cψ,ept, dqsq.

If t P Iφ, then Lemma 7 yields that B2Ce,φpa, tq, B2Ce,φpb, tq P t0, 1u a.e. t, i.e.,
rB2Ce,φpa, tq, B2Ce,φpb, tqs P tt0u , t1u , Iu, which implies that

F ptq “ pB2Ce,φpb, tq ´ B2Ce,φpa, tqq pB1Cψ,ept, dq ´ B1Cψ,ept, cqq .

If t P I z Iφ then t P Iψ, for a.e. t, and so B1Cψ,ept, cq, B1Cψ,ept, dq P t0, 1u. Similarly to the
above, F ptq “ pB2Ce,φpb, tq ´ B2Ce,φpa, tqq pB1Cψ,ept, dq ´ B1Cψ,ept, cqq. Therefore,

VDpRq “

ż

I
F ptq dλptq “

ż

I
pB2Ce,φpb, tq ´ B2Ce,φpa, tqq pB1Cψ,ept, dq ´ B1Cψ,ept, cqq dλptq

“ VCe,φ˚Cψ,epRq.

This implies that D “ Ce,φ ˚ Cψ,e as BpI2q is generated by
␣

ra, bs ˆ rc, ds Ď I2
(

.

Theorem 9. For φ, ψ P T , Ce,φ ˚ Cψ,e is extreme if and only if λ pIφ Y Iψq “ 1.

Proof. Theorem 5 is the “only if” part. To prove the “if” part, let D :“ Ce,φ ˚ Cψ,e and
µ1, µ2 be doubly stochastic measures such that µD “ cµ1 ` p1 ´ cqµ2 for some c P p0, 1q.
Then µ1 ! µD and µ2 ! µD. Thus, by Lemma 8, µ1 “ µ2 “ µD, i.e., D “ Ce,φ ˚ Cψ,e is
extreme.

For any pair pφ, ψq P T ˆ T satisfying λ pIφq ` λ pIψq ă 1 and s P Tinv, we have
Ce,φ ˚ Ce,s ˚ Cψ,e “ Ce,s˝φ ˚ Cψ,e where

Is˝φ “
␣

x P I : |φ´1
`

s´1pxq
˘

“ 1|
(

“ s pIφq , (3.9)

i.e., λ pIs˝φq “ λ pspIφqq “ λ pIφq. Hence, λ pIs˝φ Y Iψq ď λ pIφq ` λ pIψq ă 1 which gives
the following corollary.

Corollary 10. For any φ, ψ P T with λ pIφq ` λ pIψq ă 1 and S P Cinv, the copula
Ce,φ ˚ S ˚ Cψ,e is not extreme.

Observe that in the case φ “ ψ P T zTinv, λ pIφ Y Iφq “ λ pIφq ă 1. So any idempotent
non-atomic copula which is not M is not extreme.

Corollary 11. For any φ P T zTinv, the copula Ce,φ ˚ Cφ,e is not extreme.

From this corollary and the characterization of idempotent copulas [6] under the usual
Markov product ˚, we can see that M is the only extreme idempotent copula.

Nonetheless, the Markov product Ce,φ ˚ S ˚ Cφ,e where φ P T zTinv and S P Cinv may
be extreme. The reason is that it can be written as Ce,s˝φ ˚ Cφ,e, where S “ Ce,s, which
is extreme if λ pIs˝φ Y Iφq “ 1.
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Example 12. Let φ P T and s 1
2

P Tinv be defined as follows:

φpxq :“

$

’

&

’

%

2x if 0 ď x ă 1
4
;

2x ´ 1
2

if 1
4

ď x ă 1
2
;

x if 1
2

ď x ď 1,

and s 1
2
pxq :“

#

x ` 1
2

if 0 ď x ă 1
2
;

x ´ 1
2

if 1
2

ď x ď 1.

Ce,φ

˚

Ce,s 1
2

˚

Cφ,e C

Figure 2: Supports of C and related copulas for the counterexample

The supports of C :“ Ce,φ ˚ Ce,s 1
2

˚ Cφ,e and related copulas are shown in Figure 2. Note
that Iφ “

`

1
2
, 1
‰

and Is 1
2

˝φ “
“

0, 1
2

˘

whose union has measure 1. So Theorem 9 implies
that C is extreme.

4 Extremality of implicit dependence copulas
In addition to characterizing extreme factorizable copulas, Theorem 6 will also be used to
show the absolute continuity of non-atomic copula C with respect to the corresponding
isoalgebra factorizable copula C 1. Roughly speaking, the support of C is contained in the
support of C 1. To see this, we first need to verify the following result on the absolute
continuity of the generalized and usual Markov products.

Lemma 13. Let C,D P C and A “ tAtutPI be a collection of bivariate copulas for which
C ˚A D is well-defined. Then µC˚AD is absolutely continuous with respect to µC˚D.

Proof. Since BpI2q “ σ
`␣

ra, bs ˆ rc, ds Ď I2
(˘

, it suffices to show that VC˚DpRq “ 0
implies VC˚ADpRq “ 0 for all R :“ ra, bs ˆ rc, ds Ď I2. To this end, let a, b, c, d P I be such
that a ď b, c ď d and VC˚DpRq “ 0 where R “ ra, bs ˆ rc, ds. Recall that for any collection
of bivariate copulas B “ tBtutPI,

VC˚BDpRq “

ż 1

0

VBt prB2Cpa, tq, B2Cpb, tqs ˆ rB1Dpt, cq, B1Dpt, dqsq dt.

In particular, VC˚DpRq “
ş1

0
pB2Cpb, tq ´ B2Cpa, tqq pB1Dpt, dq ´ B1Dpt, cqq dt. Since B2C

and B1D are increasing in the first and second coordinates, respectively, the assumption
implies that B2Cpa, tq “ B2Cpb, tq or B1Dpt, cq “ B1Dpt, dq a.e. t P I. Hence, the At-volume
of rB2Cpa, tq, B2Cpb, tqs ˆ rB1Dpt, cq, B1Dpt, dqs is zero for a.e. t and VC˚ADpRq “ 0.

Recall that if C is a non-atomic copula with σ˚
C « f´1pBq and σC « g´1pBq for some

f, g P T then SC :“ Cf,e ˚ C ˚ Ce,g is invertible and the isoalgebra factorizable copula of
C is defined as C 1 :“ Ce,f ˚ SC ˚ Cg,e.

Corollary 14. Let C be a non-atomic copula with corresponding isoalgebra factorizable
copula C 1. Then µC ! µC1.
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Proof. Let f, g P T be such that σ˚
C « f´1pBq and σC « g´1pBq. Then C 1 “ Ce,f ˚

SC ˚Cg,e where SC “ Ce,s for some s P Tinv and µC
`␣

px, yq P I2 : ps ˝ fq pxq “ gpyq
(˘

“ 1
by [20, 24]. The latter statement implies that C P CID and then by Theorem 6, there is
A Ď C such that C “ Ce,s˝f ˚ACg,e. Applying Lemma 13 to C yields. µC “ µCe,s˝f˚ACg,e !

µCe,s˝f˚Cg,e “ µCe,f˚Ce,s˚Cg,e “ µC1 .

Theorem 9 gave a characterization of the extremality of copulas under a factorizable
assumption. In the following theorem, the factorizability of extreme non-atomic copulas
is characterized.
Theorem 15. Let C be a non-atomic extreme copula with σ˚

C « f´1pBq and σC « g´1pBq

for some f, g P T . Recall that SC :“ Cf,e ˚ C ˚ Ce,g “ Ce,s for some s P Tinv. Then C is
factorizable if and only if s´1ptq P If for almost every t P I z Ig.
Proof. pñq If C is factorizable, then C “ C 1 :“ Ce,f ˚ SC ˚Cg,e “ Ce,s˝f ˚Cg,e. Since C is
extreme, it follows from Theorem 9 that λ pIs˝f Y Igq “ 1. As a consequence of (3.9), for
almost every t P I z Ig, t P spIf q, i.e., s´1ptq P If as desired.

pðq Suppose that s´1ptq P If for almost all t P I z Ig, i.e., I z Ig Ď spIf q “ Is˝f except
possibly for points in a subset of measure zero. Then λ pIs˝f YIgq ě λ ppI z Igq Y Igq “ 1,
i.e., λ pIs˝f Y Igq “ 1. This implies that Ce,s˝f ˚ Cg,e “ Ce,f ˚ SC ˚ Cg,e “ C 1 is extreme by
Theorem 9. Since C is non-atomic, Corollary 14 and then Lemma 8 give C “ C 1, that is,
C is factorizable.
Example 16. Let C1 and C2 be extreme copulas whose probability masses concentrate
on the supports shown in Figure 3.

C1

0 1/6 1/2 1

1/6

1/2

1
C2

0 1/6 1/2 1

1/6

1/2

1

Figure 3: Supports of C1 and C2 in Example 16

Notice that the corresponding Markov operators are given by

TC1hpxq “

$

’

&

’

%

h
`

3x ` 1
2

˘

if 0 ď x ď 1
6
;

h
`

3
2
x ` 1

4

˘

if 1
6

ă x ď 1
2
;

1
3
h
`

1
3
x ´ 1

6

˘

` 2
3
h
`

2
3
x ´ 1

6

˘

if 1
2

ă x ď 1,

and

TC2hpxq “

$

’

&

’

%

h
`

2x ` 1
6

˘

if 0 ď x ď 1
6
;

1
2
h
`

1
2
x ´ 1

12

˘

` 1
2
hpxq if 1

6
ă x ď 1

2
;

hpxq if 1
2

ă x ď 1.

It is straightforward to show that σC1 “ σ˚
C1

“ σC2 “ σ˚
C2

is generated by B1 Yp2B1 ` 1
6
qY

B2, where B1 P B
`“

0, 1
6

‰˘

and B2 P B
`“

1
2
, 1
‰˘

. This σ-algebra is essentially equivalent
to f´1pBq where fpxq “ 3x1r0, 1

6
spxq `

`

3
2
x ´ 1

4

˘

1p 1
6
, 1
2

spxq ` x1p 1
2
,1spxq. Furthermore, we

can compute S1 :“ Cf,e ˚ C1 ˚ Ce,f “ Ce,s 1
2

where s 1
2
is defined in Example 12 and

S2 :“ Cf,e ˚C2 ˚Ce,f “ M “ Ce,e. Notice that If “
`

1
2
, 1
‰

. Then for any t P
`

0, 1
2

˘

which is
full in I z If , s´1

1
2

ptq “ t` 1
2

P If but e´1ptq “ t R If . So by Theorem 15, C1 is factorizable
but C2 is not. In fact, by a direct calculation C2 “ Ce,f ˚W Cf,e.
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f

0 1/6 1/2 1

1/2

1
S1

0 1/2 1

1/2

1
S2

0 1

1

Figure 4: The graph of f corresponding to the associated σ-algebras of C1 and C2, as well
as supports of S1 and S2, respectively.

From the proof of Lemma 8, for α, β P T satisfying λ pIα Y Iβq “ 1, every A-product
of Ce,α and Cβ,e equals Ce,α ˚ Cβ,e, which is extreme. So the joining copulas do not affect
the extremality of implicit dependence copulas for α, β whose images of the injective
parts cover I a.e. However, when λ pIα Y Iβq ă 1, the factorizable copula Ce,α ˚ Cβ,e is
not extreme from Theorem 5. Together with Lemma 13, we wonder whether there exists
an extreme copula C in CID such that µC ! µCe,α˚Cβ,e . The answer is affirmative by
another interesting consequence of Theorem 6 that any copula of the form Ce,α ˚A Cβ,e
where A “ tMu or tW u is extreme. This result follows from the fact that M and W are
pointwise upper and lower bounds, respectively, among bivariate copulas.

Theorem 17. Let α, β P T . Then Ce,α ˚M Cβ,e and Ce,α ˚W Cβ,e are extreme.

Proof. We prove only that C :“ Ce,α ˚M Cβ,e is extreme since the other can be shown
similarly. Let C1, C2 P C be such that C “ kC1 ` p1 ´ kqC2 for some k P p0, 1q. Then for
each i P t1, 2u, µCi ! µC which implies, by the first part of Theorem 6, that Ci is the copula
of implicitly dependent random variables Xi, Yi „ Up0, 1q such that αpXiq “ βpYiq a.s.
Moreover, the second part of the same theorem guarantees the existence ofA “ tAtutPI and
B “ tBtutPI satisfying C1 “ Ce,α ˚A Cβ,e and C2 “ Ce,α ˚B Cβ,e. Now, if C1px, yq ‰ Cpx, yq

for some px, yq P I2, then by the definition of generalized Markov product, inequalities
At ď M and Bt ď M , for all t P I, imply that C1px, yq ă Cpx, yq and C2px, yq ď Cpx, yq,
respectively. This gives the expression kC1px, yq ` p1 ´ kqC2px, yq ă Cpx, yq, which is a
contradiction. Thus, C1 “ C. Observe that C2 “ C can be shown in a similar manner,
so C “ Ce,α ˚M Cβ,e is extreme as desired.

Next, some subclasses of implicit dependence copulas are given in Example 18-20. The
first two demonstrate consequences of Theorem 6 by writing a symmetric hairpin copula
Cf and a line-in-square copula Cr, both of which are extreme implicit dependence copulas
(see [2, 23]), as generalized Markov product of complete dependence copulas:

Cf “ Ce,α ˚M Cβ,e and Cr “ Ce,α ˚Cr Cβ,e,

where α, β P T in each example are obtained from associated σ-algebras of the implicit
dependence copula. Notice that the extremality of Cf can also be obtained by Theorem
17 while the corresponding joining copulas of Cr can be chosen to be itself, but not M
or W . On the other hand, the last example shows that for any copula C ‰ M or W , if
Cpa, bq “ kMpa, bq ` p1 ´ kqW pa, bq for some pa, bq P p0, 1q

2 and k P p0, 1q then the C-
product of two simple complete dependence copulas corresponding to Λa,Λb P T , where
Λθpxq :“ min

␣

x
θ
, 1´x
1´θ

(

, is not extreme. Denoting Dpa,bq
C :“ Ce,Λa ˚C CΛb,e, we shall verify

that
D

pa,bq
C “ kD

pa,bq
M ` p1 ´ kqD

pa,bq
W . (4.1)
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Hence, A “ M and W are only two copulas that guarantee the extremality of Ce,α ˚ACβ,e
for all α, β P T . Details of these examples are described below. From now on, we denote
Grpfq :“ tpx, fpxqq : x P dompfqu and |Grpgq :“ tpgpyq, yq : y P dompgqu.

Example 18. Let f : I Ñ I be a homeomorphism such that fpxq ă x for all x P p0, 1q and
Cf denote the symmetric hairpin copula with supppCf q “ Grpfq Y |Grpfq. Then δ : x ÞÑ

Cf px, xq, the so-called diagonal section of Cf , gives another form of Cf as Cf px, yq “

min
␣

x, y, 1
2

pδpxq ` δpyqq
(

for all px, yq P I2, see Nelsen and Fredricks [16].

Cf

f

f´1

Ce,α Cβ,e Ce,α ˚ Cβ,e

Figure 5: Supports of Cf , Ce,α, Cβ,e and Ce,α ˚Cβ,e respectively where fpxq “ 1´
?
1 ´ x2.

Measure-preserving transformations α and β are derived in [19].

αpxq “ γ
`

f´2npxq
˘

, for x P In :“

„

f 2n`2

ˆ

1

2

˙

, f 2n

ˆ

1

2

˙˙

and

βpyq “ γ
`

f´2n`1pyq
˘

, for y P Jn :“

„

f 2n`1

ˆ

1

2

˙

, f 2n´1

ˆ

1

2

˙˙

,

where n P Z and γptq :“ λ
`
Ť

nPZ f
2n
“

f 2
`

1
2

˘

, t
˘˘

for t P I0. For convenience, let us denote
αn :“ α |In and βn :“ β |Jn . Recall that fk :“ f ˝ fk´1, f´k :“ pf´1q

k and f 0 :“ the
identity map for k P N. By [18, Example 12] and applications of the chain rule, we have
the following results for s P I0.

• Denote r :“ f´1psq so that αpsq “ βprq. Then for any k P Z, we can define
sk :“ α´1

k ˝ αpsq and rk :“ β´1
k ˝ βprq. Moreover,

α1pskq “
d

dsk

`

α ˝ f´2k
˘

pskq “

$

’

&

’

%

γ1psq
ś2k´1

i“0
1

f 1pf ipsqq
if k ą 0;

γ1psq if k “ 0;

γ1psq
ś´2k

i“1 f
1 pf´ipsqq if k ă 0.

• For any x P Ik, B2Ce,α px, αpsqq “ µ˚
k1r0,skqpxq ` µk1psk,1spxq where µ˚

k “ µk`1 and

µk :“

#

1
γ1psq

ř8

i“k

ś2i´1
p“0 f

1 pf ppsqq if k ą 0;

1
γ1psq

”

ř0
i“k

ś´2i
p“1

1
f 1pf´ppsqq

`
ř8

i“1

ś2i´1
p“0 f

1 pf ppsqq

ı

if k ď 0.

• For any y P Jℓ, B2Ce,β py, αpsqq “ η˚
ℓ 1r0,rℓqpyq ` ηℓ1prℓ,1spyq where η˚

ℓ “ ηℓ`1 and

ηℓ :“

#

1
γ1psq

ř8

j“ℓ

ś2j´2
q“0 f 1 pf qpsqq if ℓ ą 0;

1
γ1psq

”

ř0
j“ℓ

ś´2j`1
q“1

1
f 1pf´qpsqq

`
ř8

j“1

ś2j´2
q“0 f 1 pf qpsqq

ı

if ℓ ď 0.
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• Aαpsq pµk, ηℓq “

#

µℓ `
δ1psℓ´1q

2α1psℓ´1q
if k ă ℓ;

µk if k ě ℓ.

By tedious but straightforward calculations,

pηℓ ´ µℓqα
1 psℓ´1q “

8
ÿ

i“1

p´1qi`1
`

f i
˘1

psℓ´1q for any ℓ P Z. (4.2)

The easiest case is when ℓ “ 1, which gives α1psq “ γ1psq and, by the chain rule,

η1 ´ µ1 “
1

γ1psq

8
ÿ

i“1

«

2i´2
ź

p“0

f 1 pf ppsqq ´

2i´1
ź

p“0

f 1 pf ppsqq

ff

“
1

γ1psq

8
ÿ

i“1

”

`

f 2i´1
˘1

psq ´
`

f 2i
˘1

psq
ı

“
1

γ1psq

8
ÿ

i“1

p´1qi`1
`

f i
˘1

psq.

So (4.2) holds for ℓ “ 1. By Chamizo et al. [5, Theorem 4.1], the expression (4.2) implies
that pηℓ ´ µℓqα

1 psℓ´1q “
δ1psℓ´1q

2
. Hence, µℓ `

δ1psℓ´1q

2α1psℓ´1q
“ ηℓ and Aαpsq pµk, ηℓq “ ηℓ1kăℓ `

µk1kěℓ. Finally, by the increasing and Lipschitz properties of δ, we have µℓ ď ηℓ ď µℓ´1

for ℓ P Z which also implies that we can choose Aαpsq “ M for all s P I0. Therefore,
Cf “ Ce,α ˚M Cβ,e.

Example 19. Let Cr, where 1
2

ă r ă 1, be a copula, called a line-in-square copula whose
support is shown in Figure 6.

Cr

1
3

2
3

1
3

2
3

10

1

f

g

Ce,α

0 1
3

2
3

1

1
Cβ,e

0

1
3

2
3

1

12
3

Ce,α ˚ Cβ,e

2
3

10

1

Figure 6: Supports of Cr, Ce,α, Cβ,e and Ce,α ˚ Cβ,e respectively where r “ 2
3

Denote a :“ r
1´r

. Following [13], supppCrq “ Grpfq 9Y|Grpgq where

fpxq “

$

’

&

’

%

ax ` 1 ´ r if x P r0, 1 ´ rs ;

x if x P p1 ´ r, rq ;

ax ´ ar if x P rr, 1s

and gpyq “

#

r ´ ay if y P r0, 1 ´ rs ;

1 ` ar ´ ay if y P rr, 1s .

(4.3)
The functions α, β P T and their corresponding partitions can be defined using the
concept of limb numbering system [13]. We define α and β on sets I0, I˘1, I˘2, . . . , I˘k, . . .
and J0, J˘1, J˘2, . . . , J˘k, . . . inductively on k. For convenience, let us denote αm :“ α |Im
and βm :“ β |Jm . First, let α0pxq :“ x`r´1

2r´1
, β0pyq :“ y`r´1

2r´1
and I0 “ J0 :“ p1 ´ r, rq. For

each k P N, if α˘pk´1q, β˘pk´1q, I˘pk´1q and J˘pk´1q are defined, let

α´kpxq “ βk´1 ˝
`

f |p0,1´rq

˘

pxq with I´k “ α´1
´kpp0, 1qq;

αkpxq “ β´pk´1q ˝
`

f |pr,1q

˘

pxq with Ik “ α´1
k pp0, 1qq; (4.4)
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β´kpyq “ α´pk´1q ˝
`

g |p0,1´rq

˘

pyq with J´k “ β´1
´kpp0, 1qq;

βkpyq “ αk´1 ˝
`

g |pr,1q

˘

pyq with Jk “ β´1
k pp0, 1qq.

The supports of Ce,α and Cβ,e for Cr when r “ 2
3
are shown in Figure 6. By induction on

|k|, αk and βk are linear functions from Ik “ Jk onto p0, 1q whose slopes are ˘ a|k|

2r´1
. This

is because f and g are linear with slopes a and ´a, respectively, on p0, 1 ´ rq and pr, 1q,
Moreover, by the computations in Section 6, the following hold for s P I0.
A. By [18, Remark 4], for m P Z, x P Im and y P Jm, B2Ce,α px, αpsqq “ µ˚

m1r0,smqpxq `

µm1psm,1spxq and B2Ce,β py, αpsqq “ η˚
m1r0,tmqpyq ` ηm1ptm,1spyq where sm :“ α´1

m ˝αpsq,
tm :“ β´1

m ˝ βpsq, µm and ηm are both equal to
$

’

’

’

&

’

’

’

%

ack if m “ ´p2k ´ 1q ă 0;

1 ´ r ´ ck´1 if m “ ´2k ă 0;

r ` ck if m “ 2k ě 0;

1 ´ ack´1 if m “ 2k ´ 1 ą 0,

(4.5)

where ck “
řk
i“1

2r´1
a2i

for k P NYt0u, and µ˚
m “ η˚

m “ µm´212Zpmq`µm`21Zzp2ZYt´1uqpmq.

B. If ℓ ě 0 then

Aαpsqpµk, ηℓq “

#

min tµk, p1 ´ rq pµk ` ηℓ ´ p1 ´ rqqu if k ă 0;

max trµk ` p1 ´ rqηℓ ´ rp1 ´ rq, µk ` ηℓ ´ 1u if k ě 0.
(4.6)

If ℓ ă 0 then

Aαpsqpµk, ηℓq “

#

max tp1 ´ rqµk ` rηℓ ´ rp1 ´ rq, 0u if k ă 0;

min tr pµk ` ηℓ ´ rq , ηℓu if k ě 0.
(4.7)

It is straightforward to check that Aαpsqpµk, ηℓq “ Crpµk, ηℓq for all k, ℓ. So we can
choose Aαpsq “ Cr for all s P I0 and it yields that Cr “ Ce,α ˚Cr Cβ,e.
Example 20. Let C P C z tM,W u be such that Cpa, bq “ kMpa, bq ` p1 ´ kqW pa, bq for
some pa, bq P p0, 1q

2 and k P p0, 1q. Define Λθ : x ÞÑ x
θ
1r0,θspxq ` 1´x

1´θ
1pθ,1spxq for θ P p0, 1q.

To determine Dpa,bq
C :“ Ce,Λa ˚C CΛb,e, let us recall the following.

• @z P I, B2Ce,Λapz, tq P t0, a, 1u and B1CΛb,ept, zq P t0, b, 1u for a.e. t P I.

• The integrand in D
pa,bq
C , namely C pB2Ce,Λapx, tq, B1CΛb,ept, yqq, becomes a simple

function of finite range.
By straightforward calculations, the formula for Dpa,bq

C px, yq depends on which IiˆJj px, yq

belongs to, where I1 “ r0, as, I2 “ pa, 1s, J1 “ r0, bs and J2 “ pb, 1s. Each IiˆJj is further
divided into two regions by a diagonal line defined by Λapxq “ Λbpyq. For instance, with
px, yq P I2 ˆ J2, if 1´x

1´a
“ Λapxq ď Λbpyq “

1´y
1´b

, then

D
pa,bq
C px, yq “

ż Λapxq

0

C pa, bq dt`

ż Λbpyq

Λapxq

C p1, bq dt`

ż 1

Λbpyq

C p1, 1q dt “ y´Λapxq pb ´ Cpa, bqq .

On the other hand, if Λapxq ą Λbpyq, then

D
pa,bq
C px, yq “

ż Λbpyq

0

C pa, bq dt`

ż Λapxq

Λbpyq

C pa, 1q dt`

ż 1

Λapxq

C p1, 1q dt “ x´Λbpyq pa ´ Cpa, bqq .

Since Cpa, bq “ kMpa, bq ` p1 ´ kqW pa, bq, we can write Dpa,bq
C “ kD

pa,bq
M ` p1 ´ kqD

pa,bq
W

which is not extreme regardless of the extremality of C.
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Ce,Λ0.5

0 1/2 1

1

˚C

CΛ0.25,e

0

1/4

1

1
0 1/2 1

1

C :“

C “ 1
2M ` 1

2W at
`

1
2 ,

1
4

˘

0 1/2 1

1/4

1
D

p0.5,0.25q

C

0 1/2 1

1/4

1
D

p0.5,0.25q

W

0 1/2 1

1/4

1
D

p0.5,0.25q

M

Figure 7: Supports of Ce,Λ0.5 , CΛ0.25,e and their ˚C-product, respectively, in Example 20

5 Conclusion
This manuscript is a continuation of the work in [24, 20, 19]. Building on ideas in [19] and
borrowing tools from [20, 18], we prove that a factorizable copula Ce,α ˚ Cβ,e is extreme
if and only if the images of the injective parts of α and β cover r0, 1s a.e. (Theorem 9).
The factorizability of extreme non-atomic copulas is also characterized in Theorem 15.
The extremality of implicit dependence copulas is much more challenging to characterize.
However, we show that every implicit dependence copulas whose joining copulas are either
all M ’s or all W ’s is always extreme (Theorem 17). As examples of implicit dependence
copulas, we investigate a symmetric hairpin copula [19] and a line-in-square copula Cr
[2]. Tedious calculations show that their joining copulas are M and Cr itself, respectively.
Figure 8 contains a diagram illustrating relationships among types of copulas referred to
in this manuscript.

C

Csing

Cabs

Cext CID

Cfac

CM

CW

CCD

Classes of copulas
Cabs: absolutely continuous cop.
Csing: singular cop.
Cext: extreme cop.
CID: implicit dependence cop.
CCD: complete dependence cop.
Cfac: factorizable cop.
CM :“ tCe,α ˚M Cβ,e : α, β P T u

CW :“ tCe,α ˚W Cβ,e : α, β P T u

Cext X Cfac “ CM X CW “ blue-shaded region

Figure 8: Relationships among types of copulas in this manuscript
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6 Appendix: Detailed calculations in Example 19
For two intervals K1 and K2 in a partition of r0, 1s, K1 ă K2 if K1 is on the left-hand
side of K2 and K1 ĺ K2 if K1 ă K2 or K1 “ K2. Denote

a :“
r

1 ´ r
, c0 :“ 0, and ck :“ p2r ´ 1q

k
ÿ

i“1

1

a2i
“ p1 ´ rq2

ˆ

1 ´
p1 ´ rq2k

r2k

˙

for k P N. Note that lim
kÑ8

ck “ p1 ´ rq2.
By induction on k P N, repeated applications of (4.4) yield

I´p2k´1q “ J´p2k´1q “ pack´1, ackq , I´2k “ J´2k “ p1 ´ r ´ ck, 1 ´ r ´ ck´1q (6.1)
and I2k´1 “ J2k´1 “ p1 ´ ack, 1 ´ ack´1q , I2k “ J2k “ pr ` ck´1, r ` ckq . (6.2)

For k “ 1, α´1pxq “ β0pax ` 1 ´ rq “ x
ac1

and β´1pyq “ α0pr ´ ayq “ 1 ´
y
ac1

which give
I´1 “ J´1 “ p0, ac1q; α1pxq “ 1 ´ 1´x

ac1
and β1pyq “

1´y
ac1

which give I1 “ J1 “ p1 ´ ac1, 1q;
α´2pxq “ β´2pxq “ 1´r´x

c1
which yields I´2 “ J´2 “ p1 ´ r ´ c1, 1 ´ rq; and α2pxq “

β2pxq “ 1 ´ x´r
c1

which yields I2 “ J2 “ pr, r ` c1q. Suppose that (6.1)-(6.2) hold for a
fixed k P N. By (4.4),

x P I´p2k`1q ô ax ` 1 ´ r P J2k ô x P pack, ack`1q ;

y P J´p2k`1q ô r ´ ay P I´2k ô y P pack, ack`1q ;

x P I2k`1 ô apx ´ rq P J´2k ô x P p1 ´ ack`1, 1 ´ ackq ;

y P J2k`1 ô 1 ` ar ´ ay P I2k ô y P p1 ´ ack`1, 1 ´ ackq ,

where we have used the identity p2r ´ 1q ` ck´1 “ a2ck. Similarly, I´p2k`2q, J´p2k`2q, I2k`2

and J2k`2 can be shown to satisfy (6.1) and (6.2).
As a consequence of (6.1) and (6.2), λ pI˘2kq “ △ck :“ ck ´ ck´1 and λ

`

I˘p2k´1q

˘

“

a△ck. Also,
Ť8

k“1 I´p2k´1q “ p0, rp1 ´ rqq,
Ť8

k“1 I´2k “ prp1 ´ rq, 1 ´ rq,
Ť8

k“1 I2k “

pr, 1 ´ rp1 ´ rqq and
Ť8

k“1 I2k´1 “ p1 ´ rp1 ´ rq, 1q except for the countably many end-
points of the Im’s. Moreover, if m, q are odd and n, p are even, then

I´m ă I´pm`2q ă I´pn`2q ă I´n ă I0 ă Ip ă Ip`2 ă Iq`2 ă Iq. (6.3)

Let us denote f1, f2, g1 and g2 so that f “ f11p0,1´rq `f21pr,1q and g “ g11p0,1´rq `g21pr,1q.
Observe that

f1
`

I´p2k`1q

˘

“I2k “ g2 pI2k`1q , f1 pI´2kq “I2k´1 “ g2 pI2kq ,

f2 pI2k`1q “I´2k “ g1
`

I´p2k`1q

˘

, f2 pI2kq “I´p2k´1q “ g1 pI´2kq . (6.4)

To verify (4.5), let s P I0 and, for m P Z, define sm :“ α´1
m ˝ αpsq and tm :“ β´1

m ˝

βpsq. By [18, Remark 4], µm :“
ř

IiĺIm
1

|α1psiq| “
ř

IiĺIm
λpIiq and ηm :“

ř

JiĺJm
1

|β1ptiq| “
ř

JiĺJm
λpJiq “ µm, which are independent from s.

• Case 1 m “ ´p2k ´ 1q ă 0: From (6.1), µm “

k
ÿ

i“1

a△ci “ ack.

• Case 2 m “ ´2k ď 0: If k ą 0 then by (6.1), we have

µm “

8
ÿ

i“1

a△ci `

8
ÿ

i“k

△ci “ ap1 ´ rq2 ` p1 ´ rq2 ´ ck´1 “ 1 ´ r ´ ck´1.

If k “ 0, then µ0 “ µ´2 ` λpI0q “ 1 ´ r ´ c0 ` p2r ´ 1q “ r.
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• Case 3 m “ 2k ą 0: Since µ0 “ r, (6.2) yields µm “ µ0 `

k
ÿ

i“1

△ci “ r ` ck.

• Case 4 m “ 2k ´ 1 ą 0: By (6.2),

µm “ µ0 `

8
ÿ

i“1

△ci `

8
ÿ

i“k

a△ci “ r ` p1 ´ rq2 ` a
`

p1 ´ rq2 ´ ck´1

˘

“ 1 ´ ack´1.

Defining µ˚
m :“

ř

IiăIm
1

|α1psiq| and η
˚
m :“

ř

JiăJm
1

|β1ptiq| , it is easy to derive from (6.3) that

µ˚
m “ η˚

m “

$

’

&

’

%

0 if m “ ´1;

µm´2 if m is even;
µm`2 otherwise,

(6.5)

and hence for everym P Z, Im and Jm can be written as Im “ pµ˚
m, µmq and Jm “ pη˚

m, ηmq,
respectively. Next, we use (4.3) to obtain

for x P r0, 1 ´ rs Y rr, 1s, fp1 ´ xq “ 1 ´ fpxq “ gpxq and
for x P r0, rs, g´1

2 p1 ´ xq “ 1 ´ g´1
1 pxq. (6.6)

In particular, using (4.5) and (6.5), we can consider by cases to show that for m P Z,

µ˚
m “ 1 ´ µ´m, fpµmq “

$

’

&

’

%

η´m´1 if m ă 0;

0 if m “ 0;

η1´m if m ą 0,

and gpηmq “

$

’

&

’

%

µ˚
m`1 if m ă 0;

1 if m “ 0;

µ˚
m´1 if m ą 0.

(6.7)

Now, for each s P I0 and m, ℓ P Z, the formula Aαpsq pµm, ηℓq in [18, Lemma 8] can be
expressed as

Aαpsq pµm, ηℓq “
ÿ

IiĺIm

1

|α1
ipsiq|

TCr1r0,ηℓspsiq “
ÿ

IiĺIm

pµi ´ µ˚
i qTCr1r0,ηℓspsiq, (6.8)

where for any h P L1pIq,

TCrhpxq “

$

’

&

’

%

p1 ´ rqh
`

g´1
1 pxq

˘

` rhpf1pxqq if 0 ď x ă 1 ´ r;

p1 ´ rqh
`

g´1
1 pxq

˘

` p2r ´ 1qhpxq ` p1 ´ rqh
`

g´1
2 pxq

˘

if 1 ´ r ď x ă r;

rhpf2pxqq ` p1 ´ rqh
`

g´1
2 pxq

˘

if r ď x ď 1.

(6.9)
In particular, when h “ 1r0,ηℓs, ℓ P Z, we use (6.6) to show that for i P Zzt0u,

1 ´ TCr1r0,1´ηℓspsiq “ p1 ´ rq
`

1 ´ 1r0,1´ηℓspg
´1psiqq

˘

` r
`

1 ´ 1r0,1´ηℓspfpsiqq
˘

“ p1 ´ rq1p1´ηℓ,1s

`

g´1psiq
˘

` r1p1´ηℓ,1s pfpsiqq

“ p1 ´ rq1r0,ηℓq

`

g´1p1 ´ siq
˘

` r1r0,ηℓq pfp1 ´ siqq

“ TCr1r0,ηℓqp1 ´ siq “ TCr1r0,ηℓsp1 ´ siq, (6.10)

and similarly, 1 ´ TCr1r0,1´ηℓspsq “ TCr1r0,ηℓsp1 ´ sq. This implies

µm ` ηℓ ´ 1 ` Aαpsq

`

µ˚
´m, η

˚
´ℓ

˘

“ ηℓ ´ Aαpsq

`

µ˚
´m, 1

˘

` Aαpsq

`

µ˚
´m, η

˚
´ℓ

˘
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“ ηℓ ´
ÿ

IiăI´m

λpIiq
`

1 ´ TCr1r0,1´ηℓspsiq
˘

(by (6.8))

“ ηℓ ´
ÿ

IiăI´m

λpIiqTCr1r0,ηℓsp1 ´ siq (by (6.10))

“ ηℓ ´
ÿ

IjąIm

λpIjqTCr1r0,ηℓspujq (j :“ ´i, uj :“ 1 ´ si)

“ Aαpsq p1, ηℓq ´
ÿ

IjąIm

λpIjqTCr1r0,ηℓspsjq (by (6.9),(6.4))

“
ÿ

IjĺIm

λpIjqTCr1r0,ηℓspsjq “ Aαpsq pµm, ηℓq . (6.11)

To verify Aαpsq pµm, ηℓq in (4.6)-(4.7), we start from the case ℓ ă 0 which gives fpµ1´ℓq “ ηℓ
and gpηℓq “ µ˚

ℓ`1. Note that µ˚
ℓ`1 ď 1 ´ r ă r ă µ1´ℓ, so (6.9), (6.4) and the fact that

si P Ii imply

TCr1r0,ηℓspsiq “

$

’

&

’

%

1 ´ r if Iℓ`1 ĺ Ii ĺ I0;

r if I0 ă Ii ĺ I1´ℓ;

0 otherwise.
(6.12)

µ˚
ℓ`1

µ1´ℓ

ηℓ
0

1 ´ r

r

0

Figure 9: TCr1r0,ηℓspsq in the case ℓ ă 0

If m ď 0, we apply µ´ℓ´1 “ fpµℓq “ aµℓ ` 1 ´ r (see (6.7)) to obtain
Aαpsq pµm, µℓq “ max

␣

p1 ´ rq
`

µm ´ µ˚
ℓ`1

˘

, 0
(

“ max tp1 ´ rq pµm ` µ´ℓ´1 ´ 1q , 0u

“ max tp1 ´ rq pµm ` aµℓ ´ rq , 0u “ max tp1 ´ rqµm ` rµℓ ´ rp1 ´ rq, 0u .

In particular, Aαpsq pµ0, µℓq “ p1´rqr`rµℓ´rp1´rq “ rµℓ. On the other hand, if m ą 0,
then by (6.7), µℓ “ fpµ1´ℓq “ apµ1´ℓ ´ rq, i.e., µ1´ℓ “

µℓ
a

` r, so
Aαpsq pµm, µℓq “ Aαpsq pµ0, µℓq ` r pmin tµm, µ1´ℓu ´ µ0q “ r pmin tµm, µ1´ℓu ` µℓ ´ rq

“ min
!

r pµm ` µℓ ´ rq , r
´µℓ
a

` µℓ

¯)

“ min

"

r pµm ` µℓ ´ rq , rµℓ

ˆ

a ` 1

a

˙*

“ min tr pµm ` µℓ ´ rq , µℓu .

Notice that this formula is also valid at m “ 0. Hence

Aαpsq pµm, ηℓq “

#

max tp1 ´ rqµm ` rηℓ ´ rp1 ´ rq, 0u if m ă 0;

min tr pµm ` ηℓ ´ rq , ηℓu if m ě 0,

as shown in (4.7). On the other hand, if ℓ ě 0 then η˚
´ℓ “ 0 or ηp for some p ă 0, where

the previous case can be applied. Now, we compute

Aαpsq

`

µ˚
´m, η

˚
´ℓ

˘

“

#

min tr p1 ´ µm ` 1 ´ ηℓ ´ rq , 1 ´ ηℓu if m ă 0;

max tp1 ´ rq p1 ´ µmq ` r p1 ´ ηℓq ´ rp1 ´ rq, 0u if m ě 0,
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“

#

min trp2 ´ rq ´ r pµm ` ηℓq , 1 ´ ηℓu if m ă 0;

max t1 ´ rp1 ´ rq ´ p1 ´ rqµm ´ rηℓ, 0u if m ě 0.

Hence by (6.11),

Aαpsq pµm, ηℓq “ µm ` ηℓ ´ 1 ` Aαpsq

`

µ˚
´m, η

˚
´ℓ

˘

“

#

min tµm, p1 ´ rq pµm ` ηℓ ´ p1 ´ rqqu if m ă 0;

max trµm ` p1 ´ rqηℓ ´ rp1 ´ rq, µm ` ηℓ ´ 1u if m ě 0.
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