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Abstract

Copulas of continuous random variables satisfying f(X) = ¢(Y) a.s. for some
Borel functions f and g, where f(X) has continuous distribution, are called implicit
dependence copulas, of which a special subclass is the class of factorizable copulas,
i.e., copulas that can be written as the Markov product of a left invertible copula and
a right invertible copula in that order. Implicit dependence copulas were recently
shown to coincide with generalized Markov products of left and right invertible
copulas, where the joining copulas are arbitrary. In this paper, we obtain char-
acterizations of extreme factorizable copulas and prove that implicit dependence
copulas whose joining copula is one of the Fréchet-Hoeffding bounds are extreme.
This condition, however, is not necessary, which will be shown via some examples
of extreme implicit dependence copulas.
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1 Introduction

In probabilistic modeling, copulas are used to describe dependence among random vari-
ables. Copulas are also of enormous interest in their own right. See Durante-Sempi [12],
Nelsen [[15] and references therein. For instance, complete dependence copulas, defined as
copulas of continuous random variables X and Y for which one is almost surely (a.s.) a
Borel function of the other, have been studied extensively [23, 25] and applied to certain
theoretical problems, see e.g. Schreyer, Paulin and Trutschnig [22] and Trutschnig [26].
Recently, there started novel investigations [17, [18, 19, 20, 24] on implicit dependence cop-
ulas, defined as copulas of continuous random variables X,Y for which there exist Borel

*Corresponding author (songkiat.s@chula.ac.th)



functions f, g satisfying f(X) = ¢g(Y) a.s. and f(X) has continuous distribution. Clearly,
it reduces to a complete dependence copula if f or ¢ is the identity map. But, unlike
complete dependence copulas, for a given pair of f and g, implicit dependence copulas of
X,Y for which f(X) = g(Y) a.s. are not unique in general. Printechapat and Sumetki-
jakan [20] studied a much more tractable subclass of the collection of implicit dependence
copulas, called factorizable copulas. A given pair of f and ¢ gives a unique factoriz-
able copulas of X,Y for which f(X) = ¢g(Y) a.s. Using different approaches, Ansari and
Riischendorf [[] and Panyasakulwong, Santiwipanont, Sumetkijakan and Yanpaisan [18§]
showed that implicit dependence copulas can be written as a generalized Markov product
of two complete dependence copulas with respect to a class of joining copulas.

The space € of bivariate copulas is clearly convex and compact with respect to the
weak operator topology. As such, the extreme points of €, called extreme copulas and de-
fined as copulas that cannot be written as a convex sum of two distinct copulas, have been
investigated in several of its equivalent forms for over five decades, see e.g. Brown and
Shiflett [4], Douglas [8], Hestir and Williams [[13] and Lindenstrauss [14]. Note that com-
plete dependence copulas are basic examples of extreme points of €. However, extreme
copulas do not necessarily describe complete dependence relationship between random
variables. For instance, the extremality of copulas with symmetric hairpin support was
shown by Seethoff and Shiflett [23] and the so-called line-in-square copula was shown to be
extreme by Applegate, Reeds, Scheinberg, Shepp and Shor [2, Theorem 1]. It was noted
that these two examples are not factorizable [20]. Moreover, Printechapat, Santiwipanont
and Sumetkijakan [19] showed that any extreme copula is not strictly factorizable in the
sense that it cannot be written as a Markov product C,, * Cjs ., where «, 5 € . are not
bijections. However, there actually are extreme copulas which are strictly factorizable (see
Examples E and ) In fact, the proof in [19] used an incorrect property of one-sided-
invertible copulas. Ergo, this manuscript started out to identify all strictly factorizable
extreme copulas. Our main results are characterizations of extreme factorizable copulas
(Theorem § and Theorem [15) and a simple sufficient condition under which an implicit
dependence copula is extreme (Theorem ) See Figure §.

The manuscript_is organized as follows. Necessary background is given in the next
section. In section B, we characterize the extremality of factorizable copulas using some
adjustments from [19] and a characterization of implicit dependence copulas from [18§].
The condition involves the injective parts of the corresponding measure-preserving trans-
formations. Section # gives a necessary and sufficient condition under which a non-atomic
extreme copula is factorizable. The extremality of implicit dependence copulas whose join-
ing copula is either M or W is also proved in the same section. To illustrate the variability
of the joining copulas, a few examples of extreme implicit dependence copulas are then
discussed.

2 Background

Let us denote I := [0,1], & := the Borel o-algebra on I, A := Lebesgue measure on
(I, %), L' (1,.7) := the space of A-integrable .’-measurable functions where .# is a sub-
o-algebra of % and L*(I) := L'(I, #). A function C: I* — T is called a copula if it is
grounded, i.e., C(0,y) = 0 = C(x,0) for all z,y, has uniform marginals, i.e., C(1,y) =y
and C(z,1) = z for all 2,y and is 2-increasing:

Vo(B) := C(xg,y2) — C(z2,11) — C(21,92) + C(x1,91) =0



for every rectangle B := [z, 5] % [y1,%2] € I?. The C-volume V¢ can be extended to a
unique Borel probability measure pc such that for any A € A, uec (A x 1) = ue (IxA) =
A(A). Furthermore, its definition implies that every copula is non-decreasing in each
variable and Lipschitz with respect to the ¢'-norm on I?. Therefore, the first partial
derivatives of a copula exist almost everywhere with values in [0, 1]. See [12, 5] for more
fundamental properties of copulas.

A Borel transformation f on I is said to be measure-preserving if A (f~*(B)) = A(B)
for every B € 4. Denoting the class of copulas and the class of measure-preserving
transformations respectively by % and 7. It is well-known that every copula can be
written as Cy 4: I? — I, defined by

Cra(w.y) = A F7([0,2]) n g7 ([0, 1])). (2.1)

for some f,g € . Conversely, it is straightforward to show that every Cy, is a copula
although the representation is not unique. Proofs of this characterization of copulas can
be found in de Amo et al. [7] and Vitale [27]. It is an elementary fact that the inverse
image of a Borel set under a Borel map is again Borel. However, this is not always true
for direct images. The direct image of a Borel set under a Borel map is called Souslin or
analytic, see Bogachev [3]. The collection Sx of all Souslin subsets in a Hausdorff space X
is closed under countable union and intersection. Furthermore, it is closed under taking
the direct image and the inverse image under a Borel map. Nevertheless, Sx is not closed
under complement. The complement of an analytic set is called coanalytic. Clearly, every
Borel set is both analytic and coanalytic.

Continuous random variables X and Y are said to be completely dependent if there
exists a Borel function f such that Y = f(X) a.s. or X = f(Y) a.s.; and they are said
to be implicitly dependent if there exist Borel functions f and g such that f(X) = ¢g(Y)
a.s. and f(X) has continuous distribution. If X and Y are completely/implicitly depen-
dent continuous random variables, then their copula C(x y) is called a complete/implicit
dependence copula. Let us denote the class of complete dependence copulas by cp and
the class of implicit dependence copulas by %ip. It is well known [12, 25] that a copula
C'is complete dependence if and only if C' = C,  or C' = Cy . for some ¢ € .7 where e is
the identity on I. In fact, Ciyyw)) = Cey and Ciyw)v)y = Cyp,e whenever U ~ U(0,1).

Let (X, p) and (Y, v) be probability spaces. A linear operator T: L'(X) — L'(Y)
is called a Markov operator if T is positive, T1lx = 1y, and SY Tfd\ = SX fdA for
all f € L'(X). By standard arguments in functional analysis, every Markov operator
has unit norm and its adjoint operator on L*(I) can be extended to a unique Markov
operator, denoted by T*. Notable members of the class .# of Markov operators on L!(I)
are Ty: f — f o1, where ¢ € 7, whose adjoint T} maps f o to f. So it is clear that
Ty and T} are left and right invertible, respectively. .# is in a one-to-one correspondence
with € via the mappings V: .# — ¢ and ®: ¢ — .#, where

T

D))= [ [TLoal (ds and [2(C)) @)= 51 [ acosoa

0
The class .# with the composition o is isomorphic to € with the Markov product = defined
by C * D(z,y) = Sé 02C(2, )0, D(t,y) dt. Moreover, W (Ty) = Cey and W (T}) = Cj,
are left and right invertible, respectively, and Cy, = Cy. = C.4 for f,g € 7, ie., every
copula can be factored as a product of right and left invertible copulas. Furthermore,
the Markov product gives rise to a binary operation on the class & of doubly stochastic
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measures by (u=v)(E x F) = Sé Ly (E x [0,t]) £v([0,t] x F) dt for p,v € 2. The
generalized Markov product of copulas C' and D with respect to a parametric class of

joining copulas A := {As}, [y, is formally defined as

1
C =y D(x,y) = J A (02C(x,t), 01 D(t,y))dt for x,y € [0, 1].
0

Note that if the map (¢, z,y) — Ai(x,y) is Borel measurable, then the function C' *4 D is
a copula [10, 11, 12, 1]. The product is simply written C' =4 D if A, = A for all (a.e.) t.

For a given C' € € or its corresponding Markov operator T', the relation ¥ = X
contains all (R, S) € # x A for which T¢lg = 1 a.e. The Borel sub-o-algebras of, =
or and oc = or are defined as m (X¢) and 7 (X¢), respectively, where m; denotes
the canonical projection on the i*"-axis. The copula C' (and the corresponding Markov
operator T¢) is called non-atomic if both ¢, and o¢ are non-atomic in the sense that for
cach S € . = o}, or o¢ satisfying A(S) > 0, there is a subset R € . of S with Lebesgue
measure strictly between 0 and A(S). In fact, it is known, see Sumetkijakan [24], that
the atomicity of o and o¢ always agree. Furthermore, by Darsow and Olsen [6], the
non-atomicity of C' implies that there exist f,g € 7 satisfying

ot~ f1(B) and oc~g ' (B). (2.2)

For sub-c-algebras # and . of B, # ~ . means that for each R € # there is S € .¥
such that A (RAS) = 0 and for each S € .7 there is R € & such that A (RAS) = 0, where
RAS := (R\S)u(S\R). The choiceof f,g € J in (@) is unique up to a composition of an
invertible measure-preserving transformation, i.e., if o ~ f; (%) and o¢ ~ g; (%), then
there are hy,hy € Fy :={he T |Ike T, hok=e=Fkohae.} such that f = hyo f
a.e. and g; = hpog a.e. In addition, if (@) holds then S := Cy .+ C+C. 4 is invertible and
C" = Cey S+ C,, satisfies 0 = 0¢ and o}, = o¢. Note that €', called the isoalgebra
factorizable copula of C, is independent of the choice of f,g [20]. Finally, the condition
C" = C is a criterion for verifying that C' is factorizable, that is C' = C, , * Cy, . for some
0,1 € 7. For more details, see [20, 24].

3 Characterization of extreme factorizable copulas

It was shown in [19] that if an extreme copula is factorizable then it has to be one-sided
invertible. However, there is an inaccurate point in the proof of this statement which also
hints on how to obtain a counterexample. To see this, let us recall some basic facts on
ordinal sums of copulas.

Definition 1 ([12, [L5]). Let A be a countable subset of N (finite or countably infinite),
{(ak, br)},ep @ family of non-overlapping open intervals in [0,1] and {Cy}, ., a family of

copulas. Moreover, denote si(2) := =% for z € (ay,bx) and k € A. Define the ordinal

sum C := {ay, by, Ck)rep 0f {Ch}ren with respect to {(ak, bi)}cp by

ax + (b — ar) Cx (s(w), sk(y)) if (2, y) € (ar, b)*;
min {z, y} otherwise.

C((L’,y) = {

Note that ordinal sums can be characterized as copulas C' for which C (¢,t) = ¢ for
some t € (0,1). Moreover, C(t.t) = t if and only if C' is the ordinal sum of two copulas
with respect to {(0,¢), (¢,1)} [15].



Example 2. Let ¢,1 € 7 be defined as follows:

2z if0<x<i, x 1f0<x<%;

_ 1 el 1 1 1 3.
plr)=<2c—;5 if;<x<3; and () 20 — 5 if 5 <w <y
x if%éxél, 2z — 1 1f%<x<1.

Ce,go Ci/},e C * Cw e
Figure 1: Supports of C, ., Cy . and their product for the counterexample

suppose C' = kA + (1 — k)B for some k € (0,1) and A,B € €. As C is the product

of two ordinal sums with respect to the same partition {( ) (;, 1)}, it follows that

C (%, %) = 5 Slnce the Fréchet-Hoeffding bounds for all copulas at (2, ;) are W (; 1) =0
and M (3,5) = 3, this implies that A(3,2) = 1 = B(3,3). So C, A and B are

ordinal sums of {C’l, Cs} . {A1, Ao} and (By, Bs) Wlth respect to {(O, %) , (%, 1) } By direct
calculations (see Figure E) C; and Cy are left and right invertible, hence extreme. Since
Ci = kAz + (1 — ]{T)BZ, 1= 1,2, we have Cl = A1 = Bl and 02 = Ag = BQ which 1mply

that A = B = C. Therefore, C' is an extreme point of &.

Example E gives a pair ¢, € 7 for which the copula C, , = Cy . is extreme. Observe
that ¢ ({(2)}) is a singleton for z € (3,1) and =" ({¢(z)}) is a singleton for z € (0, 1).
Furthermore, ¢ ([%, 1]) U1 ([O, %]) = [0, 1]. Notice that the proof of Theorem 5 in [[19]
hinges on a false claim [19, Lemma 4]: if ¢ € .7 is not invertible and ¢ € (0, 1) then there
exists a bounded 8 > 0 such that T3 = cl and T} ((ﬁ —¢) ]1[0,5]) < 0 a.e. for some

€ [0,1]. Therefore, in order to revise [19, Theorem 5], we need more insights on the
Markov operator T, where 1) € 7\ Z,,, which leads us to the following lemma.

Lemma 3. Let v € I\ T,. Then for any ¢ € (0,1), there is a non-constant non-
negative function B € L*(I) such that Tj;3 = cl. Also, let Pg := {yel: B(y) > c} and
Ng:={yel:B(y) <c}. Then we obtain the following.

1L Ti((B—c)1a) =0 a.ec onT\¢)(A) forall Ae A.

2. Both Pg and Ng have positive Lebesgue measure and for all Borel subsets C' and D
of Ps and Npg, respectively, with positive measure,
Ty ((B—c)lc) >0 ae ony(C) and (3.1)
Ty ((B—c)lp) <0 a.e. on (D).

3. If Cs < P and Dg < Ny are Borel sets for which A\ (Cg) = X (P3) and A (Dg) =
A (Np), then A (¢(Cs)A(Dg)) = 0 where AAB := (A\B) u (B\A).

Proof. Since ¢ € .7 is not invertible, the linear operator T} is not injective, i.e., ker T} #
{0}. So by the denseness of L*(Il) in L'(T), there exists a # 0 in L(I) such that Tjja =0
and hence there is k > 0 for which k|a(y)| < ¢ for a.e. y € I. Let  := ka + ¢1. Then
satisfies the following properties and the first part of the statement is proved.
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« By)e0,2c] ae
o T8 =klja+cTpl=cl.

e [ 1is not a constant function. Otherwise, @ would be a nonzero constant function in
the kernel of T/} which is impossible.

m) Let A € A. Since v is a Borel map, the measurability of ¢)(A) follows from [3,
Theorem 6.7.3]. Then for B € # with A (B n¥(A)) = 0 and a Borel set D containing

G(A), if A(D) = A((A)) then A(BA(A)) = A(BAD) = A(¢1(B) n v (D)) =
AW Y(B) n A). So A(y~1(B) n A) = 0 and

f T;; ((ﬁ_c) ILA) dA = J (B_C) ILA TwﬂBd)\ = J(ﬁ—C) ﬂAmw—l(B) d\ = 0.
B I I

Since B is an arbitrary subset of I\t)(A), T ((8 — ¢) 1a) = 0 a.e. on I\¥(A).

.) Since f # cl, at least one of Ps and N must have positive measure and we may
assume without loss of generality that A(Ps) > 0. Let C be a positive measure Borel subset
of Ps. So T} (8 — ¢) 1¢) = 0. Let B be a positive-measure Borel subset of ¢(C) satisfying

A(C nyp~Y(B)) = 0. The expression C < ¥~ (¢(C)) = v 1(B)Uy~! (4(C)\B) implies
that C' < ¢~ ((C)\B) a.e. So B < ¢(C) < ¢ (v~ ((C)\B)) = ¥(C)\B a.e., which is
a contradiction. Hence, A (C'n ¢ ~1(B)) > 0 and

| rws-a1a-|

(5—c)11ch:f (B—c) d\>0,
) Cryp=1(B)
which yields (B.1)). Next, if A(N5) = 0, then

1= ﬂpﬁ + ]lZB + IlNB = ﬂcﬁ + ]lpﬁ\cﬁ + ILZB = ]105 + ILZB a.e.,

where Zz := {yel: f(y) = c} and Cp is a Borel subset of P; with A (Cs) = A (P;s).
Consequently,

0= T3 ((B—)1) = T} (B— ) 1ey) + T2 (B— ) 12,) = T3 (8- ) 1¢,) ace.

which contradicts (@) So A(N3) > 0 and (@) can be shown in a similar manner.
B) Let A :=(Cs)\¢)(Dg). Then 1 = 1¢, + 1z, + 1p, a.e. and

0= L T} ((B—c¢)1lg,) dX + L Ti((B—c)lz,)dA + LT;; (B—c)1p,)dA
= LT;; ((B—c)1c,) dA,

where the last equality follows from m If A(A) were positive then (@) would imply that
the last integral is positive, a contradiction. One can show that A (¢/(Ds)\¢(Cj)) = 0 in
a similar way. Consequently, A (¢(Cs)A(Dg)) = 0. O

For a fixed ¢ € I\, and (B # cl satisfying T 5 = c]l a e., if A is a positive-measure
Borel set for which § > ¢ on A, then, by Lemma a@ —¢)14) > 0 a.e. on Y(A).
Since T$§ = cl a.e., the inequality implies that T} ( —c ILH\A) < 0 a.e. on (A). By

(El), Ty ((6—c)Ina) = 0 ae. on I\e(I\A). Hence, ¢)(A) n (I\tp(I\A)) must

Lemma



have measure zero, i.e. almost every element in 1(A) is also in ¢(I\A). Letting I, denote
the image of the injective part for 1:

Iy :={zel: ¥~ ' (z)| = 1},

it follows that A (¢)(A) nI;) = 0. The next statement shows that A (¢(A) ul,) =1 for
a suitably chosen f.

Lemma 4. Let ¢ € T\ Ty and c € (0,1). Then there is a By in
Fy={BeL®1): () =1 ae and T} = cl a.e.}

and a Borel subset Cs, of Ps, := {yel: po(y) > c} such that X (Cg,) = X(Ps,) and
A((Cgo) v Iy) = 1.

Proof. Observe that Z, is a closed subset of S* := {f € L*(I) : || f|1»@ < 1}, which is
compact (in the weak*-topology) by Banach-Alaoglu Theorem. So .%, is also compact. It
is easy to see that .%,, is a convex set containing c1. Then Krein-Milman Theorem implies
that there is an extreme point f, € .#,. Note that we have the following information.

e [y # cl because cl is not an extreme point.

« By (@) in Lemma B(E), there exists a Borel set Cz, < P, such that A\ (Cg,) =
A (Pg,) > 0 and

T ((50 —¢) ]1050> >0 ae. ont(Cg).

Moreover, if we denote Ng, := {y€l: fy(y) < ¢} and Dg, a Borel subset of Ng,
with /\(Dgo = )\ENBO then Lemma (E)) forces A (¢Y(Cp,) A¢(Dg,)) = 0 and, by

(B.2) in Lemma
T ((ﬁo —¢) ]1D50> <0 ae. onv(Cg).

If A(¢(Cgy) uly) < 1, then there exists a Borel subset E of I\ (¢ (Cg,) U L) with the
same measure. Since A\(Y(Cg,) A (Dg,)) = 0, Bo(y) = ¢ for a.e. y € Y~ (FE). Moreover,
|~ (z)|] = 2 for a.e. x € E, or ¢ is not injective on 1 ~'(E). Then there exists p €
ker () \ {0} such that supp(p) = ¢ '(E) and |p(y)| < min{l —¢,c} for ae. y € I. In
fact, ¢ 1= w ly-1(k) 18 a measure-preserving transformation from ¢~'(E) to E and hence
T#: L” (¢~'(E)) — L*(E) is a Markov operator. Then there exists £ € ker (T%) \{0}
such that £(y)] < min{l —c,c} for ae. y € Y H(E). Thus, p := & Ly-1(g) € L*(I)
satisfies the desired properties. Let (1 := [y + p and [y := Sy — p. Then both ; and
2 are in %, and not equal to [y = % (81 + (32), which contradicts the extremality of S.
Thus, A (¢(Cg,) v 1) = 1. O

By adjusting the proof of Theorem 5 in [19] using Lemma B and @, we obtain an
accurate version as stated in the next theorem. Certain details in the proof that mimic
the corresponding arguments in [19, Theorem 5]

Theorem 5. If a Markov operator is of the form T, o T} for some ¢, € T satisfying
AL, uly) < 1, then it cannot be extreme.



Proof. Suppose that T' = T,,o T} where ¢,1 € 7 and A (I, uI,) < 1. Then neither ¢ nor
1 is invertible as A (I¢) = 1 whenever £ € Z,,. Let u, 11q and po be the doubly stochastic
measures associated with T',T,, and T7, respectively. So i = py = . By the same proof
as in [19, Theorem 5|, Lemma @ yields measures p1; and pg; defined on %(I?) by

iy (E) = Lﬁ(s) djus(s,£) = j B(s)Le, (o(s)) dA(s) and (3.3)
iy (E) 1= wa) dpia(s, 1) = f ()L (0(1)) dA(E) (3.4)

where 3,7 € L*(I) satisfy T8 = T}y = %]l and E,, EY denote respectively the z-
section and the y-section of E. Still following the proof of 19, Theorem 5], if we define
measures ji12(E) := py(E) — p11(E) and pg(E) = pa(E) — poi(E) for E € Z(1%), then
pz = 2 (p11 * fo1 + i * fog) and gy = 2 (11 * foo + f1o * p21) are doubly stochastic
measures such that p = #2244,

To show that u, i.e. T, is extreme, it remains to verify that ps # py. This last part
of the proof relies heavily on the two newly proven lemmas. By Lemma E( ) and Lemma
@, the chosen functions § and v also satisty M, := T3 ((ﬁ — %) ]105) > 0 on ¢ (Cy) and
My =T ((v=3) 1c,) > 0 on ¢(C,), where

Ap(Cp) vIy) = A(W(C;) v ly) = 1. (3.5)

Here, C (resp., C,) is a Borel subset of P := {y € I : 5(y) > ¢} (resp., P,) with the same
measure. Applying us — p4 to £ := Cg x C, gives

(3 — pa) (B) = 2 [(p1 — pra2) * (21 — pa2)] (F)

]
(o) ot

o (b= o ) (€ [0, (b = ) (10:2) ¢ €2) NG

0

I

Now, the expression (@) gives

& (o) @x ) = Lﬂ (561~ 3 ) Toaalols)) a9

_ d% 1o, (s) (5(3) - %) 020, (2,5) dA(s) = M,,(2).

0

Similarly, (@) gives L (a1 — 1p12) ([0, 2] x C,) = My(z). So

(i = 1) (B) =8 | M, My

0
~

=8J Mw-de)\—FSJ M, - My dA
I, uly 1\(I, uly)

-3 M, - My d\ > 0. (3.6)
#(Ca)rb(Cr)

The last equality is a consequence of the following. Note from the discussion after Lemma
that

A(p(Cs) nIp) = A(¥(Cy) nTy) = 0. (3.7)

8



« By (@) and Lemma a(m), M, = 0 a.e. on [, < T\p (Cs) and My = 0 a.e. on
I, € I\ (C,). So §;_y M, Mydr =0,

. (@) also implies that

AM(@(Cs) n9(C3)) N (Ip vIy)) < A((9(Cp) N 1p) L ($(C5) N 1y))

<A
< M(P(Cs) A1) + A (U(Cy) A Ty) = 0,
On the other hand, (@) gives

A(p(Cs) n9(C5)) v (I, uy)) = A((9(Cp) L I,) N (Y(C,) Uy)) = 1.

Hence A((¢(Cg) n¥(C,)) A (I\ (I, uly))) =0, ie., SH\(L’U%) M, - My dA
= S@(Cg)mw(cw) M, - My dX as desired.

Moreover, the inequality (@) comes from the properties of § and ~ discussed above,
including the assumption A (I, uI;) < 1. Thus, pus # pa. O

The theorem above can be rephrased as: for any ¢, € .7, if C,, * Cy . is extreme
then A (I, ul,) = 1. To investigate the converse, we use a characterization of implicit
dependence copulas in terms of generalized Markov product stated as follows.

Theorem 6. Let o, € 7.

o The generalized Markov product C' := C. 4 #4 Cp. is an implicit dependence copula
whenever the class of joining copulas A = {A;},.; makes such product well-defined.
In other words, there exist X, Y ~ U(0,1) such that a(X) = B(Y) a.s. and C =

Cixy).

o Conversely, if X,Y ~ U(0,1) have C as their copula and satisfy a(X) = B(Y)
a.s. then there exists a class of joining copulas A = { A}, such that C = Ce o 4Clae.

This theorem is investigated first by Panyasakulwong et al. [17] and is extended to
a general version in [18], in which the formula for joining copulas A; in the case that
«, € 7 are countably piecewise monotonic surjections is derived. The complete version
of this theorem is inspired by [1].

It is well-known [6] that for any o € 7, 0:Ceo(x,y) = Loy (a(x)) € {0,1} a.e. but
02C¢ o (z,y) cannot be written in a similar form. However, the following statement shows
that d,C. , can be expressed explicitly on I x L.

Lemma 7. Let o € .7 and x € 1. Then 05C, o(x,t) = 01C(t,x) € {0,1} for a.e. t € 1,.

Proof. Notice that for a.e. t € I, 01Coc(t,x) = T} 1j04(t) by the correspondence between
copulas and Markov operators [12]. Now, for every Borel subset B of 1,

JB Tx1j0.41(y) dA(y) = f

Loy () dA(2) :f Lowoa ' (s)dA(s),  (3.8)
a~1(B)

B

where the last equality follows from the change of variable, see Dudley [J, Theorem 4.1.11
& Problem 7 p. 122], under the assumption that o' |p is injective and measure-preserving.
Since the expression (B.§) is true for all B = I, we have T 1o ,(t) = Lo © a (1),
i.e., 1C,.(t,z) € {0,1} for a.e. t € I, as desired. O
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Now, we are ready to show the converse direction of Theorem H

Lemma 8. Let p,¢ € F be such that (I, ul,) = 1. If D € € is such that pp
is absolutely continuous with respect to HC, p5Cy s WTEttEN fip K e, L0y s then D =

Cevﬁo * Cﬂ),e .

Proof. Let D € ¢ be such that up < pc, ,«c,.- By [24, Theorem 4.6}, D € %1p is a copula
of X, Y ~ U(0,1) satisfying o(X) = ¢(Y) a.s. and, by Theorem B, D = C, x4 Cy, for
some A = {A;},.; € €. For fixed a,b, ¢, d € [ such that a < band ¢ < d, let us consider the
D-volume of R := [a,b] x [¢,d]. By a straightforward derivation, Vp(R) = {, F(t) dA(t)
where F(t) := Vi, ([02Cep(a, 1), 02Cc (b, 1)] X [01Cye(t, c), 01Cy(t,d)]).

If t € I,, then Lemma ﬁ yields that 02C. ,(a,t),2C.,(b,t) € {0,1} ae. t, ie.,
[02C. ,(a,t),02C, (b, )] € {{0}, {1},1}, which implies that

F(t) = (02Cc 4(b,t) — 05Cc p(a,t)) (O1Cye(t,d) — 1Cyc(t, ) .
If t e I\ L, then ¢ € I, for a.e. ¢, and so 01Cy (¢, c), 01Cy(t,d) € {0,1}. Similarly to the
above, F(t) = (02Ce,(b,t) — 02C. s(a,t)) (01Cye(t,d) — 01Cy (1, c)). Therefore,
Vb(R) = JHF(t) dA(t) = L(6206,¢(b7 t) = 02Cep(a,1)) (O1Cyc(t, d) — O1Cyc(t, ) dA(2)
= Ve, px0y (R).
This implies that D = C., * Cy. as B(I°) is generated by {[a,b] x [c,d] = I*}. O
Theorem 9. For ¢, € 7, C,, + Cy. is extreme if and only if X (I, ul,) = 1.

Proof. Theorem B is the “only if” part. To prove the “if” part, let D := C,, * Cy . and
fi1, e be doubly stochastic measures such that up = cuy + (1 — ¢)ps for some c € (0,1).
Then p1y « pp and pg « pp. Thus, by Lemma g, 11 = po = pp, ie., D = Cep  Cy e is
extreme. 0

For any pair (p,v¢) € J x 7 satisfying A (I,) + A(Iy) < 1 and s € F,y,, we have
Oe,cp * Ce,s * O’([J,e = Ce,sogp * C’l,[),e Whel‘e

Lo, ={zel:|p ! (s7(2)) = 1]} = s(L,), (3.9)

ie., A(Lwy) = A(s(I,)) = A(L,). Hence, A (Lo, uIy) < A(L,) + A(I;) < 1 which gives
the following corollary.

Corollary 10. For any ¢, € 7 with A(I,) + A(Iy) < 1 and S € Gy, the copula
Cep # S+ Cy e 15 not extreme.

Observe that in the case ¢ = ¥ € T\ Ty, A (I, UL,) = A(L,) < 1. So any idempotent
non-atomic copula which is not M is not extreme.

Corollary 11. For any ¢ € T\ Ty, the copula C., = C, . is not extreme.

From this corollary and the characterization of idempotent copulas [6] under the usual
Markov product =, we can see that M is the only extreme idempotent copula.

Nonetheless, the Markov product C, , * S = C, . where ¢ € I\ %, and S € €,, may
be extreme. The reason is that it can be written as C, o, * Cy ¢, Where S = C, 5, which
is extreme if \ (I, U L,) = 1.

10



Example 12. Let ¢ € 7 and s 1€ Tiw be defined as follows:

2x ifo<z<3i
Lot 7 r+3 f0<z<3;
p(r) =420 —5 if ;<z<g; and si(z):= . )
2 —= ifs<o<1
o1 r—3 UysTs L
x if 5 <z <1,

Figure 2: Supports of C' and related copulas for the counterexample

The supports of C':= C,, * Ce 5, * C, . and related copulas are shown in Figure . Note
2

that I, = (%, 1] and I o, = [0, %) whose union has measure 1. So Theorem g implies
2

that C is extreme.

4 Extremality of implicit dependence copulas

In addition to characterizing extreme factorizable copulas, Theorem B will also be used to
show the absolute continuity of non-atomic copula C' with respect to the corresponding
isoalgebra factorizable copula C’. Roughly speaking, the support of C' is contained in the
support of C’. To see this, we first need to verify the following result on the absolute
continuity of the generalized and usual Markov products.

Lemma 13. Let C,D € € and A = {Ai},; be a collection of bivariate copulas for which
C x4 D is well-defined. Then pcs,p s absolutely continuous with respect to picsp.

Proof. Since B(I*) = o ({[a,b] x [c,d] = T*}), it suffices to show that Vo.p(R) = 0
implies Viu ,p(R) = 0 for all R := [a,b] x [c,d] < I?. To this end, let a,b,c,d € I be such
that a < b, ¢ < d and Voyp(R) = 0 where R = [a, b] x [¢, d]. Recall that for any collection
of bivariate copulas B = {B,},,

Vessp(R) = f: VB, ([02C(a,t), 02C(b,t)] x [01D(t,c), 1 D(t,d)]) dt.

In particular, Voup(R) = S(l) (02C(b,t) — 02C(a,t)) (01D(t,d) — 1 D(t,c)) dt. Since 02C
and 01D are increasing in the first and second coordinates, respectively, the assumption
implies that 02C(a,t) = 02C(b,t) or 01 D(t,c) = A1 D(t,d) a.e. t € I. Hence, the As-volume
of [02C(a,t), 2C(b,t)] x [01D(t,c), 1 D(t,d)] is zero for a.e. t and Veu ,p(R) = 0. O

Recall that if C'is a non-atomic copula with ¢, & f~1(£) and ¢ ~ g1 (A) for some
f,g€ T then S¢ := Cj. + C « C,, is invertible and the isoalgebra factorizable copula of
C'is defined as C" := C, 5 * S¢ * Cy .

Corollary 14. Let C' be a non-atomic copula with corresponding isoalgebra factorizable
copula C". Then pc < jicr.

11



Proof. Let f,g € 7 be such that o} ~ f~1(%) and oc ~ g7*(#). Then C' = C. =
Sc #Cy . where S¢ = C, 5 for some s € F,, and pe ({(:U,y) el’: (sof)(x)= y)}) =1
by [20, 24]. The latter statement implies that C' € é1p_and then by Theorem fj, there is
A € € such that C' = C¢ 50554 Cy . Applying Lemma [13 to C' yields. puc = g, x40, €
MG sop#Cge = HCe pCeskCye = JO- [

Theorem @ gave a characterization of the extremality of copulas under a factorizable
assumption. In the following theorem, the factorizability of extreme non-atomic copulas
is characterized.

Theorem 15. Let C be a non-atomic extreme copula with o}, ~ f~1(%) and oc ~ g~ (B)
for some f,ge 7. Recall that S¢ := Cje+ Cx Cey = Ce s for some s € Fy,. Then C is
factorizable if and only if s7'(t) € I; for almost every t € I\ 1.

Proof. (=) If C is factorizable, then C' = C" := C,  # Sc * Cy = Ce 5of # Cy . Since C' is
extreme, it follows from Theorem g that X (I,o; ;) = 1. As a consequence of (B.9), for
almost every t € I\ I, ¢ € s(Iy), i.e., s (¢) € [ as desired.

(<) Suppose that s~*(¢) € I; for almost all ¢ € T\ 1, i.e., I\I, € s(I;) = L except
possibly for points in a subset of measure zero. Then A (Iyor Ul,) = A ((I\L,) v 1) =1,
ie., A(Isopuly) = 1. This implies that C, o * Cy e = Cef* Sc * Cy. = C' is extreme by
Theorem 9. Since C' is non-atomic, Corollary [14 and then Lemma g give C' = (', that is,
C' is factorizable. O

Example 16. Let C; and C5 be extreme copulas whose probability masses concentrate
on the supports shown in Figure 3.

IR

01/6 1/2 1 01/6 1/2 1

Figure 3: Supports of C; and C5 in Example @

Notice that the corresponding Markov operators are given by

h(3z+3) if0<z<i;
Te,h(x) = S h (32 + 1) if <o <3 and
=)+ (-1 il<r<l
h(2z+ %) if0<z<i;
Te,h(r) = { sh (32 — 55) + sh(z) if§<az<g3;
h(z) if ; <z <1
It is straightforward to show that oc, = o¢, = o¢, = 0¢, is generated by By u (2B + %) U
Bsy, where B, € A4 ([O, %]) and By € # ([%, 1]) This o-algebra is essentially equivalent
to f~1(#) where f(z) = 3l 1y(x) + (32— 1) L1 19(x) + 211 yy(x). Furthermore, we

can compute Sy := Cj. * Cy *» Coy = C.,, where 51 is defined in Example and
Sy = CcxCyxCey =M = C,.. Notice that [ = (%, 1]. Then for any t € (O, %) which is
full in I\ Iy, s;'(t) =t + 5 € Iy but e (¢) = ¢ ¢ [;. So by Theorem [15, C; is factorizable

2
but Cj is not. In fact, by a direct calculation Cy = C, ¢ #1 C.
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1
01/6 1/2 1 0 1/2 1 0 1

Figure 4: The graph of f corresponding to the associated o-algebras of C and C, as well
as supports of S7 and S, respectively.

From the proof of Lemma B, for o, f € 7 satistying A (I, ulg) = 1, every A-product
of Ce o and Cg . equals C, o * Cg ., which is extreme. So the joining copulas do not affect
the extremality of implicit dependence copulas for «, 5 whose images of the injective
parts cover I a.e. However, when A (I, ulz) < 1, the factorizable copula C., = Cp, is
not extreme from Theorem . Together with Lemma [13, we wonder whether there exists
an extreme copula C' in %p such that pc < g, ¢y, The answer is affirmative by
another interesting consequence of Theorem [ that any copula of the form C,, 4 Cp.
where A = {M} or {W} is extreme. This result follows from the fact that M and W are
pointwise upper and lower bounds, respectively, among bivariate copulas.

Theorem 17. Let o, € 7. Then Ceq #p Cpe and C, o #w Cg are extreme.

Proof. We prove only that C' := C., #) Cs. is extreme since the other can be shown
similarly. Let C,Cy € € be such that C' = kCy + (1 — k)C, for some k € (0,1). Then for
each i € {1,2}, pc, < pe which implies, by the first part of Theorem [, that C; is the copula
of implicitly dependent random variables X;,Y; ~ U(0,1) such that a(X;) = 5(Y;) a.s.
Moreover, the second part of the same theorem guarantees the existence of A = {4,},.; and
B = {B}, satistying Cy = C o x4 C and Cy = C, , #5 Cg . Now, if Cy(x,y) # C(x,y)
for some (z,y) € I?, then by the definition of generalized Markov product, inequalities
Ay < M and By < M, for all t € I, imply that Cy(z,y) < C(z,y) and Cy(z,y) < C(x,y),
respectively. This gives the expression kCy(z,y) + (1 — k)Cs(z,y) < C(x,y), which is a
contradiction. Thus, C'; = C. Observe that Cy = ' can be shown in a similar manner,
so C' = Cgq *1 Cp e is extreme as desired. O

Next, some subclasses of implicit dependence copulas are given in Example @—@ The
first two demonstrate consequences of Theorem f by writing a symmetric hairpin copula
(¢ and a line-in-square copula C,, both of which are extreme implicit dependence copulas
(see [2, 23]), as generalized Markov product of complete dependence copulas:

C’f = Ce,a *M Cﬁ,e and Cr = Ce,a *Cy Cﬁ,ea

where «, f € .7 in each example are obtained from associated o-algebras of the implicit
dependence copula. Notice that the extremality of Cy can also be obtained by Theorem

while the corresponding joining copulas of C,. can be chosen to be itself, but not M
or W. On the other hand, the last example shows that for any copula C' # M or W, if
C(a,b) = kM(a,b) + (1 — k)W (a,b) for some (a,b) € (0,1)*> and k € (0,1) then the C-
product of two simple complete dependence copulas corresponding to A,, Ay € 7, where

Ap(x) := min {%, %g}, is not extreme. Denoting Dg’b) = Ce o, *¢ O, e, we shall verify
that
DY — DWW 4 (1 — k)DL, (4.1)
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Hence, A = M and W are only two copulas that guarantee the extremality of C. o %4 Cp
for all a, 8 € 7. Details of these examples are described below. From now on, we denote

Gr(f) := {(z, f(x)) : © € dom(f)} and Gr(g) := {(9(y),y) : y € dom(g)}.

Example 18. Let f: I — I be a homeomorphism such that f(x) < x for all z € (0,1) and

C'y denote the symmetric hairpin copula with supp(Cy) = Gr(f) u é/r( f). Then 6: z —
Cy(x,x), the so-called diagonal section of Cy, gives another form of Cf as Cy(z,y) =
min {z,y, 3 (6(z) + 6(y))} for all (z,y) € I?, see Nelsen and Fredricks [16].

Cf Ce,a C,B,e

Figure 5: Supports of Cy, Ce o, Cs and C. , * Cp . respectively where f(x) = 1—+/1 — 22.

Measure-preserving transformations o and [ are derived in [19].

o) =7 (F2"(2)) . for ze I, = [f?w <%> e (%)) and

B =2 () derye g | (5) 0 (5)),

where n € Z and y(t) := A (U,ez, /2" [/ (3) - 1)) for ¢ € Iy. For convenience, let us denote
an = oy, and B, := By, Recall that f* := fo fE=1 =% .= (f~1)* and f° := the
identity map for k € N. By [18, Example 12] and applications of the chain rule, we have
the following results for s € Ij.

o Denote r := f7!(s) so that a(s) = B(r). Then for any k € Z, we can define
spi= a; ' oa(s) and 1y := B, o B(r). Moreover,

d 7'(s) H?kol f/(fz(s)) if k> 0;
a/(sk) = d_Sk (ao f*2k) <5k) _ 7’(5) Fk— O;
VS TIZEF (f(s) if k<0,

+ For any 7 € Tty 6xCen (7,0(5)) = 10y (@) + o) () where i = s and
m 'y’%s Zz kHQZ 1f/(fp( )) 1f]€>0,
k o 11— .
S T2 b + S TR £ ()] itk <o,
+ For any y € Jo, &:Ces (5:(5)) = 1 Ly (5) + 7 (5) where 7 = ey amd

: 7'%3) Z] EHQJ 2f,(fq( ) if £ > 0;
Ne : 7/18) [Z] gl_[ 2j+1 7 _1_2] 11—[2J Qf/ (f‘q( ))] 1f£< 0
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8 (se—1) .
/Lg+2,— if £k </;

® Aas 5 = o'(se-1)
(s) (1 Me) {uk -

By tedious but straightforward calculations,

0

(e — pe) & (50-1) = Z(—lyﬂ (fi)/ (s¢-1) for any £ € Z. (4.2)

=1

The easiest case is when ¢ = 1, which gives o/(s) = 7/(s) and, by the chain rule,

m— = 7,28 Z [H Ij[ I (fp(s))]
ool et

So (@) holds for ¢ = 1. By Chamizo et al. [5, Theorem 4.1], the expression (@) implies
that (n, — pe) o (8¢-1) = M Hence, p, + Mse-1) = ng and Aa(s) (1r, M) = Nelp<e +

20/ (s¢—1)
trlg=¢. Finally, by the increasmg and Lipschitz properties of §, we have p, < mp < g1
for / € Z which also implies that we can choose A, = M for all s € I;. Therefore,

Cp = Cea*m Cpee:

Example 19. Let C.., where % < r < 1, be a copula, called a line-in-square copula whose

support is shown in Figure

C, Che Cea*Cpe
1 T 1 | 1 | d
| T B T YT T
2 |- N I 2 ( |
3 ! I 3 | |
! ! m L. L
I I I
1 ; ! |1 1 I I
3 7777\711077\7 -7 | 3 {
| | | 3 e e
~_ ! ‘ Q~ 4
| | j o ! |
0 1 2 1 0 1 1
3 3

Figure 6: Supports of C,, Ce o, Cs and C, o * Cp . respectively where r = 2
Denote a := . Following [L3], supp(C;) = Gr(f)()é/r(g) where

ar+1—r ifxel0,1—r];

flx)=<x ifxe(l—rr); and g(y):{ray ?fye[O,l—r],
) l+ar—ay ifyelr1].
axr — ar if x e [r 1]
(4.3)
The functions «, € 7 and their corresponding partitions can be defined using the
concept of limb numbering system [[13]. We define av and 8 on sets In, I+1, [4o, ..., ik, ...
and Jo, J11, J42, ..., J4k, ... inductively on k. For convenience, let us denote o, := |y,
and B, := B|;,. First, let ap(z) := 5”;7"__11, Bo(y) = y;r__ll and Iy = Jy := (1 —r,r). For
each k € N, if ay 1), Brk—1), [+ (k—1) and Ji—1) are defined, let
@) = Bro (f loan) (@) with I = a=h(0, 1))
ar(@) = Bg—ny o (f lo) (x)  with I = o ((0,1)); (4.4)
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Boily) = ag1yo (9 l01-n) () with Ty =B7((0,1));
Bre(y) = ar-1° (9 len) () with  J, = 8;7((0,1)).

The supports of C, , and Cs, for C, when r = % are shown in Figure B By induction on

|k|, a, and By are linear functions from I, = J; onto (0, 1) whose slopes are iQ‘:,lill. This
is because f and g are linear with slopes a_and —a, respectively, on (0,1 —r) and (r, 1),
Moreover, by the computations in Section 3, the following hold for s € I,.

A. By [18, Remark 4], for m € Z, x € I, and y € Jy,, 0:2Cc o (z,a(5)) = p Lo,s,0) () +

fim (5,11 (2) and 02Ce.s (y, (s)) = 1 Ljo,t,) (U) + L t,,,11(y) Where s, 1= ozt oal(s),
tm = 8.1 0 (), pm and 1, are both equal to

acy, ifm=—(2k—-1) <0
1—7r—cp_q %fm = —2k < 0 (4.5)
r 4+ cp if m=2k > 0;

1—ac,_1 ifm=2k—-1>0,

where ¢, = Zle 227_11 for k € NU{0}, and p1, = 0%, = pm—2loz (M) +flmr212: 220 (-1} ().
B. If £ > 0 then

Auio o) = {mm ot (el e 0 g
max {rp, + (L= —r(L—r), p +m — 1} if k> 0.
If ¢ <0 then
A1) = {max{(l — 1) +rne —r(1 —r),0} %f k < 0; (4.7)
min {7 (ur, +ne — 1), M0} if k> 0.

It is straightforward to check that A, (pr, ) = Cp(pr,ne) for all k, €. So we can
choose Ay = C, for all s € Iy and it ylelds that C, = Ce o *c, Cpe.

Example 20. Let C' € €\ {M, W} be such that C(a,b) = kM(a,b) + (1 — k)W (a,b) for
some (a, b) € (0, 1)2 and k € (0,1). Define Ag: 2 — 7 Ljog)(7) + % Lig1y(x) for 6 € (0,1).

To determine Dgl - Cen, *¢ Ch, e, let us recall the following.

o Vzel, 05C.,(2,t) € {0,a,1} and 0,Cy, (t, z) € {0,b,1} for ae. t e L.
o The integrand in D(g’b)
function of finite range.

, namely C (02C, 4, (x,1),01Cy, (t,y)), becomes a simple

By straightforward calculations, the formula for Dg ) (x,y) depends on which I; x J; (z,y)
belongs to, where I; = [0,a], Iy = (a, 1], J; = [0,b] and Jo = (b, 1]. Each I; x J; is further
divided into two regions by a diagonal line defined by A,(x) = Ay(y). For instance, with
(x,y) € I x Jy, if % = Au(2) < Np(y) = %, then

, Pha(a) Ab(y) 1
DY (2, ) = C (a,b) dt+J C (1,b) dt+f C(1,1) dt = y—Au(z) (b— C(a,b)).
Jo Aa () Ap(y)
On the other hand, if A,(z) > Ay(y), then
) ~Ab(v) Aa(z) 1
DY (2, ) = C (a,b) dt+ Cla, 1) dt+]| C(1,1) dt = 2—Ay(y) (a — C(a,b)).
Jo Ab(w) Aa(2)

Since C'(a,b) = kM (a,b) + (1 — k)W (a,b), we can write Dg’b) = kDJ(\Z’b) + (1 — l{;)D‘(;’b)
which is not extreme regardless of the extremality of C.

16



Figure 7: Supports of Ce o, 5, Chag s, and their *c-product, respectively, in Example @

5 Conclusion

This manuscript is a continuation of the work in [24, 20, 19]. Building on ideas in [19] and
borrowing tools from [20, [L§], we prove that a factorizable copula C., * Cg. is extreme
if and only if the images of the injective parts of o and /8 cover [0,1] a.e. (Theorem ).
The factorizability of extreme non-atomic copulas is also characterized in Theorem .
The extremality of implicit dependence copulas is much more challenging to characterize.
However, we show that every implicit dependence copulas whose joining copulas are either
all M’s or all W’s is always extreme (Theorem ) As examples of implicit dependence
copulas, we investigate a symmetric hairpin copula [19] and a line-in-square copula C.,
[2]. Tedious calculations show that their joining copulas are M and C., itself, respectively.
Figure § contains a diagram illustrating relationships among types of copulas referred to
in this manuscript.

€

Classes of copulas

Gabs: absolutely continuous cop.
©sing: singular cop.

Goxt: €xtreme cop.

%1p: implicit dependence cop.
%cp: complete dependence cop.
Gtac: factorizable cop.

(fM = {Ce,a *M Cﬁ,e : 0[75 € 9}
ng = {Ceﬂ fh77d C[@’e : 04,6 € 9}

Gext N Ctac = Err N G = blue-shaded region

Figure 8: Relationships among types of copulas in this manuscript
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6 Appendix: Detailed calculations in Example 19

For two intervals K; and K, in a partition of [0,1], K; < Ky if K is on the left-hand
side of K2 and Kl < K2 if Kl < KQ or Kl = KQ. Denote

k

g " ¢ =0, and ck:=(27“—1)21 (1—r) (1 “;TZ)%)

27
ila

for k e N. Note that lim ¢, = (1 — )%
k—0
By induction on k € N, repeated applications of (@) yield

I_(op—1) = J_(or—1) = (acy—_1,acy), Iop=Jop=0—-r—cpl—r—c_1) (6.1)
and ng,1 = Jgk,1 = (1 — acg, 1-— ack,l), ng = Jgk = (7’ + Ccp—1,7 + Ck) . (62)

For k=1, a_1(z) = folax + 1 — 7") = oo and g- ( ) = ao(r —ay) = 1 — L which give
I_l = J_l = (O,&Cl); ( ) ( ) = = Jl = (1 — acy, 1)7
a_o(x) = foo(z) = 1;—1“"3 which ylelds I 5 = J_2 = (1—r—c,1—7); and as(x) =
Ba(x) = 1 — ==+ which yields I, = J; = (r,r + ¢1). Suppose that (@)—(@) hold for a
fixed k € N. By (@),

—I

€ (ack, acpy1);
€ CLCk,aCkH);

ar +1—1re Jy (
(

€ (1—acks1,1 —acy);
(

T e I—(2k+1) <=
yeJ @y = r—ay el y
<

alx —r)e J g

<~
<
T € ]2k:+1 =3
<=

Y€ Jopy1 = 1+ar—ayce Iy € (1—acgs1,1l —acy),

where we have used the identity (2r — 1) + ck@= a®cg. Similarly, I_(op42), J—(2k+2), Tok+2
)

and Jo,4o can be shown to satisfy ( and (
As a consequence of (@) and (6.2), A (I421) = Acy := ¢x — 1 and >\ (I+ 2 1))
alcy. Also, ULy Iy = (0,r(1 =), Uyl Loe = (r(L=7),1=7), Uil Lo =

(r,1—r(1—r)) and J,_, Iop—1 = (1 —=7(1 —71),1) except for the Countably many end-
points of the I,,’s. Moreover, if m, g are odd and n, p are even, then

I <1 gy < I_(nyo)y < Iy < Inp < I < Iyo < Iyp < 1. (6.3)

Let us denote f1, f2, g1 and ga so that f = fil(o1) + fol1) and g = gilo1—r) + g2l ).
Observe that

S ( (2k+1 ) =l =g (lors1),  fr(Toox) =l = g2 (Iox),

fo(Tops1) =I-or = g1 (I_ks1)) 5 fo (Iok) =1_(2k-1) = g1 (1—2) - (6.4)
To verify (@) let s € Iy and, for m € Z, define s,, := a; ' oa(s) and t,, := 8! o
B(s). By [18, Remark 4], p,, := ZI <L |a ol = D=5, ALi) and my, 1= 30, |5/(1t ]

2gi<g M) = fim, Wthh are independent from s.

k
o Case 1 m=—(2k—1) <0: From (@), P, = ZaAci = acy.

i=1
o Case 2 m = —2k <0: If £ > 0 then by (Ell), we have
0 0
,umzZaAcrkZAci =a(l—7r) +(1 -1 —c1=1—7r—cp1.
If k=0, then uo =po+AXlp)=1—-r—cy+2r—1) =
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k
o Case 3 m =2k > 0: Since g = r, (@) yields fi,, = po + Z Ac; =1+ ¢

i=1
e Case 4 m=2k—1>0: By (@),
o0 oo
umZMO—FZAQ—FZ@AQ=T+(1—r)2+a((1—r)2—ck_1) =1—acp_.
i=1 i=k

Defining p, := >3, m and 1= >0, m, it is easy to derive from (@) that

0 itm=—1,
Lo =T = % fm_o if m is even; (6.5)

[mto Otherwise,

and hence for every m € Z, I, and J,,, can be written as I,, = (¥, pt,) and Jp, = (0%, 9m),
respectively. Next, we use (@) to obtain

forz e [0,1—1r] v [r 1], fd—z)=1- f(z) =g(xr) and
for x € [0,r], g1 —2)=1-g"(z). (6.6)

In particular, using (@) and (@), we can consider by cases to show that for m € Z,

Nem—1 if m <0 Ly ifm <05
o, =1 = pim, f(pm) =0 if m=0; and g(n,) =41 if m=0; (6.7)
Mem  if m >0, i itm > 0.

Now, for each s € Iy and m, (¢ € Z, the formula A, (tm,n¢) in [18, Lemma 8] can be
expressed as

1

Aoy (o) = D = Te Lpoma(si) = Y (i — 1) Te, Lo (si), (6.8)
Li<Inm i (54)] Li<Im
where for any h € L'(T),
(L=r)h (g7 (x)) + rh(fi(z)) fo<z<1l—r;
Te,h(x) = 3 (1 —=7)h (g7 (2)) + 2r = Dh(z) + (1 =1)h (g5 (z) ifl—r<z<r
rh(fa(z)) + (1 —r)h (95 ' (2)) if r<az<l1.
(6.9)
In particular, when h = 1y ,,], £ € Z, we use (@) to show that for i € Z\{0},
1 =T, 1jo,1-p,(si) = (L —7) (1 — L{o,1-n,] (9_1(5i))) +r (1 - 1[0,1—n¢](f(5i)))
= (1 =r)la-n. (Q_I(Si)) + 1L a—p11 (f(si))
= (1 - T)H[O,W) (g_l(l - 82)) + TH[O,W) (f(l - Sz))
= TCrﬂ[O,ne)(l - Si) = TCr]l[Oﬂn](]- - 81')7 (610)

and similarly, 1 — T¢, Ljo1-,1(5) = Tc, L[o,4,1(1 — s). This implies
P, + e — 1+ Aa(s) (Mimv Uie) =M — Aa(s) (,U/jrm 1) + Aa(s) (,uima njﬁ)
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UML) (1= T Loaony(s)) (b (B3)

=m—§ AL Te, Lo (L = 55) (by (5.10))
=1 — I%A L)Te, o (u) (==, uj:=1—s)
= Augo) ( 1;; Z NI Te, T an(s;) (by (6:9).64))
Z 0 < $7) = Aags) (1) (6.11)

To verify Aa(s) (ftm;1¢) in (@)-(@), we start from the case ¢ < 0 which gives f(p1-¢) = n¢
and g(ne) = pj,;. Note that pj,; < 1—7r <7 < iy, so (6.9), (6.4) and the fact that
s; € I; imply

1—r if I < I; < Iy;

Te, Lo (si) = r it lo < I; < L1y (6.12)
0 otherwise.
ul -
v :
4 pi-t

Figure 9: T, 1o,,)(s) in the case £ < 0

If m <0, we apply p_p—1 = f(pe) = apg + 1 — 17 (see (@)) to obtain

Aas) (Hims pre) = max {(1 =) (tm — 1741) .0} = max {(1 = 7) (ptm + prgr — 1), 0}
=max {(1 —7) (um + apg — 1) ,0} = max {(1 — 7)py, + re —r(1 —1r),0}.

In particular, Aqs) (po, pe) = (L—=7)r +rug—r(1—r) = rpe. On the other hand, if m > 0,

then by (B.3), e = f(n_e) = alim_e — 1), i g = & + 7, 50

Aa(S) (Lo i) = Aa(S) (t10, pre) + v (Wi { fhym, i1} — po) = 7 (Min { i, p1—g} + pro — 1)
. . +1
:mlﬂ{T(Mm-i-/Lg—T),T‘ <%+/Lg>} = mln{r(pm—km—r),rw (a . )}

= min {r (pm + e — 1), fie} -

Notice that this formula is also valid at m = 0. Hence

Aa(s) (,umﬂ/]f) = {

max {(1 = r)py + 1m0 — (1 —7),0} if m <0;
min {r (fm + 10 — 1), M0} ifm=>0,

as shown in (@) On the other hand, if £ > 0 then n*, = 0 or 7, for some p < 0, where
the previous case can be applied. Now, we compute

A (* *)_ min{r(l_Um+1_n£_T)71_nz} ifm<0;
OV 07 masc {(1 = 1) (1 ) + 7 (1= ) = 7(1 = 1),0} if m >0,
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~Jmin{r(2 = 7) = 7 (o +10) ;1 — 70} if m < 0;
| max{l —r(1—7)— (1 = r)ptm — rne, 0} if m = 0.

Hence by (B.11),

Aats) (amsme) = pm + 10 — 1+ Angsy (5 1™

)y min g, (1 =7) (i + 10 — (1= 7))} if m < 0;
max {rpy, + (L—=7r)ne —r(1 = 7), i + ¢ — 1} if m = 0.
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