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Abstract

Copulas C' for which (CtC)2 = C*'C are called pre-idempotent copulas, of which well-studied exam-
ples are idempotent copulas and complete dependence copulas. As such, we shall work mainly with the
topology induced by the modified Sobolev norm, with respect to which the class R of pre-idempotent
copulas is closed and the class of factorizable copulas is a dense subset of R. Identifying copulas with
Markov operators on L?, the one-to-one correspondence between pre-idempotent copulas and partial
isometries is one of our main tools. In the same spirit as Darsow and Olsen’s work on idempotent copu-
las, we obtain an explicit characterization of pre-idempotent copulas, which is split into cases according
to the atomicity of its associated o-algebras, where the non-atomic case gives all factorizable copulas
and the totally atomic case yields conjugates of ordinal sums of copies of the product copula.

1 Introduction

As is well-known, dependence between two continuous random variables can be captured by their copula.
Stochastic independence is modeled by the product copula II. Monotonic dependence is modeled by the
Fréchet-Hoeffding bounds M := C. . (comonotonic) or W := C.1_. (countermonotonic) and a general
complete dependence copula can be represented by a measure-preserving transformation (MPT) f on [0, 1]
and written as Ce y or Cf., where e denotes the identity function. To cite an instance, Ce s is the copula
of [0, 1]-uniformly distributed random variables U and V for which V = f(U) almost surely and the mass
of its associated measure is concentrated on the graph of f [13,[7]. See (E; for the definition of Cy . Even
though every copula is of the form Cy 4 = Cy .Ce 4, the Markov product of C . and C. 4, relations between
the copula and the MPTs f and g are far from simple [[14, 26, 6]. Swapping places of the factors defines a
factorizable copula C, ;Cy . whose associated measure has its mass concentrated on {(z,y): f(z) = g(y)}
[22, [17]. This implies in particular that factorizable copulas are singular, yet at the same time gives nice,
vivid and potentially useful interpretations of factorizable copulas. In fact, C. sCy . is the copula of some
implicitly dependent U and V for which f(U) = ¢g(V) a.s. See [15, [16] for novel investigations on such
implicit dependence copulas in which it was shown that the converse is not always true. While complete
dependence copulas are at least one-way deterministic, factorizable copulas can be much less deterministic,
especially when f and ¢ are highly non-injective. Surprisingly, complete dependence copulas are quite
ubiquitous in the theory of copulas [25]. Being more stochastic, factorizable copulas could conceivably play a
complementing role to complete dependence copulas. Thus, a systematic study of factorizable copulas must
be commenced.

In 2010, Darsow and Olsen [5] provided a characterization of idempotent copulas by splitting into cases
according to the atomicity types. For instance, non-atomic idempotent copulas are precisely the symmetric
factorizable copulas C. ¢Cf. and every totally atomic idempotent copula is conjugate to an ordinal sum
of a countable copies of II. Even though both M and II are idempotent, all other complete dependence
copulas are not. Moreover, idempotent copulas must be symmetric [§, 24] and hence are too limited to
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model general dependence. However, a novel partial ordering on the idempotent copulas was shown [f] to
be equivalent to the inclusion on the classes of their invariant sets. Through some examples, this ordering is
related to degrees of dependence. Our goal is to construct and study a class of copulas that accommodates
sufficiently many dependence structure, or rather dependence scaffolding in the sense that the class contains
all factorizable copulas, while still possesses adequate properties to gauge dependence levels. Clearly, for
every factorizable copula C' = C, ;C, ., the transpose-product C*C' is an idempotent, and so is CC*. So we
shall investigate the class R of pre-idempotent copulas defined as copulas C for which C*C is idempotent.
The class R contains not only idempotent copulas and factorizable copulas but also conjugates of ordinal
sums of factorizable copulas and copies of II. Here, C is a conjugate of D if C' = C, .DC., for some
invertible measure-preserving transformations r and p. We obtain a characterization of pre-idempotent
copulas using tools from the precedent characterization of idempotent copulas in [p] and the fact that the
set of pre-idempotent copulas and the set of partially isometric Markov operators are isomorphic. Also,
the atomicity of the associated c-algebras of copulas defined in [22] plays the main role in splitting our
consideration into cases. A copula C is in R if and only if C' is conjugate to an ordinal sum D := ©&p Dy,
of a factorizable copula and/or copies of II as follows:

o if C' is non-atomic, then P = {[0,1]} and D, is factorizable, which implies that C' is factorizable;
o if C is totally atomic, then Dy =1I for all k; and
e if C is atomic but not totally atomic, then D, is factorizable and Dy = 1I for all k£ > 2.

The above characterization and its proof are in section E In the last section, we_consider the set of copulas
under the strong topology induced by the modified Sobolev norm defined in (R.4). It is shown that R is
closed and the set of factorizable copulas is dense in R.

2 Background knowledge and tools

Throughout the manuscript, let % := Z(I) denote the Borel o-algebra on I :=[0,1], and A the Lebesgue
measure on I. The class of essentially bounded Borel measurable functions on I is denoted by L°°. For
1 <p < oo, LP denotes the class of p-integrable Borel measurable functions on I, each of which is a Banach
space under the usual LP-norm || - ||,. Clearly, L> C LP C L'. The indicator function of a Borel set A C I
is denoted by 14. The identity function on I is denoted by e.

Let p € [1,00) and ¢ € (1, 00| be its conjugate exponent, i.e. 1/p+1/q = 1. For a bounded linear operator
S on LP, its adjoint is the unique bounded linear operator S* on LY that satisfies [} S¢-&dX = [[¢-S*EdA
for all ¢ € LP and & € L9. Recall that ||S*|| = ||S||. The case p = 2 is special in that S* and S are both
linear operators on the same space L2.

2.1 Markov operators

A linear operator S: L? — LP is called a Markov operator on LP if i) S1y = 1y; ii) fI S d\ = flz/Jd)\
for ¢ € L?; and iii) Sv > 0 whenever ¢ > 0. The class of all such operators is denoted by M,. By the
linearity and positivity of S € M,,, |S¢| < S|y| for all p € LP. For S € My, it holds that for ¢ € LP and
£el>,

||Sw||1=/I|5w|dxg/15|w\dA=/I|w|dA=||wu1 (2.1)

and

5] < SIE] < SliElloe = [I€llocSTr = [[€]locTx = [I]loo- (2.2)

Thus S is bounded as an operator on L' and as an operator on L>® with norm 1. For 1 < p < oo, by
Riesz-Thorin interpolation theorem [§, Theorem 8.23], ||S¢|, < [|¢||, for all ¢ € LP; and hence, every
S € M; restricts to a Markov operator on LP. Since a Markov operator on L extends uniquely to a
Markov operator on L', the adjoint of S € M; can and usually will be regarded as the adjoint Markov



operator S* € M;j. See [§, Theorem 13.2]. Moreover, for 5,7 € My, (5*)* =5, T oS € M; and
(ToS)*=S8*oT*. For 1 <p < o0, the strong operator topology (abbreviated SOT) on M, is the coarsest
topology such that, for each fixed ¢ € L?, the evaluation map M, — LP, S +— St is continuous. The weak
operator topology (abbreviated WOT) on M, is the coarsest topology such that, for each fixed ¢ € L? and
¢ € L9, the evaluation map M, — R, S —_[; St -£dX is continuous.

The following proposition quoted from [§, Proposition 13.6] says that M; and M, are homeomorphic.
Its proof is a good exercise in functional analysis.

Proposition 2.1. For 1 < p < oo, the restriction mapping ®,: M1 — M, defined by ®,(S) := S| is a
bijection. If p < 0o and q is its conjugate exponent, then ®,(S*) = ®,(S)* for S € My and the mapping
®,, is a homeomorphism for the weak as well as the strong operator topologies.

For a linear operator T on L?, recall that T is called an isometry if | To|2 = ||¢]|2 for all ¢ € L?; and it is
called a partial isometry if it acts isometrically on the orthogonal complement of its kernel, i.e. ||T¢||2 = [|¢||2
for all ¢ € ker(T)*. A bounded linear operator P on L? is called a projection if it is self-adjoint and P? = P.
Let us quote a characterization of partial isometries from [g] and [10], which is an important tool in our
investigation of pre-idempotent copulas.

Proposition 2.2. For a bounded linear operator T on L?, the following are equivalent.
i. T 1is a partial isometry. i, T =TT*T. v. T*T is a projection.

1. T is a partial isometry. w., T* =T*TT*. vi. TT* s a projection.

2.2 Copulas

A function C: I? — T is said to be a copula if, for u,v,u’,v' € I,1) C(u,0) = C(0,v) = 0; ii) C(u,1) = u
and C(1,v) = v; and iii) C(uv/,v") — C(v/,v) — C(u,v") + C(u,v) > 0 whenever v < o' and v < v'.
The class of copulas is denoted by C. Every C € C induces a unique doubly stochastic measure pc via
e ((a,b] x (e,d]) := C(b,d) — C(b,¢) — C(a,d) + C(a,c) and the support of C is defined as the support of
the induced measure pc, i.e. supp(C) := I*\J {O CI?: Ois open and uc(0) = O}. Denote Ct(u,v) :=
C(v,u) for u,v € I; and a copula C' is said to be symmetric if C* = C'. The most well-known copulas are
the product copula II(u,v) := wv and the Fréchet-Hoeffding upper and lower bounds M (u,v) := min{u, v}
and W(u,v) := max{0,u + v — 1}, respectively. The Markov product, also called the *-product, is a binary
operation on C, defined by

(AB)(u,v) = /O O A(ut) 31 B(t,v) d.

under which the class C is a monoid having M as the identity and II as the zero. A copula C is said to be
left (respectively, right) invertible if there is a copula D for which DC = M (respectively, CD = M ); and
D, which must be C* if exists, is called a left (respectively, right) inverse of C'. C is said to be invertible if
it is both left and right invertible. Note that (AB)* = B*A*.

Let F be the set of all measure-preserving functions on (I, %, ). A function f € F is said to possess an
essential inverse g € F if go f = e = fog a.e. We denote by Fi,, the set of measure-preserving functions
that possess essential inverses. Define the copula Cf, induced by f and g in F by ([7])

Cyq(u,v) = /\(ffl([O,u]) ﬂgil([O,vD) for u,v € I. (2.3)

The left (respectively, right) invertible copulas are exactly the copulas C. ; (respectively, Cy ), for f € F.
Note that C¢.C. s = M _and that the invertible copulas are exactly the copulas C.; where h € Fip, .
From Olsen et al. [[14], there is a one-to-one correspondence between C and M; via the isomorphism
C — To defined by (Tey)(z) := %fol O (z,t)(t) dt for x € 1. In particular, Tep = To o Tp for
C,D € C. Also, the adjoint of T¢ is Ty = Tot and hence T¢" = T . For brevity, we denote Ty 4 :=Tc, , -
From [f], for every f € F and ¢ € L', T, t(¢) = ¢ o f and Ty.(dpo f) = ¢. If T* € M; is the adjoint
of T € M, then, by Proposition @, (T|p2)* = (D2(T))* = &o(T*) = T*|12 and so we usually write the
corresponding L?-Markov operators of C' and its adjoint simply as T¢ and T¢ , respectively.



In 1992, Darsow et al. [3] showed that, with respect to the uniform distance d,, the class C is closed,
compact, and the class of invertible copulas is dense in C. Let {4, } and {B,} be sequences in C converging
to copulas A and B, respectively. It holds that A, B -+ AB and BA,, — BA but it is not always true that
A,B, — AB.

Let || - || denote a modified Sobolev norm on span(C) defined by (see [4, the norm | - |1 2] and [21])

1 1
I ::/ / 101C (w, 0)[2 + [02C (u, 0)[2 duwdv, (2.4)
0 0

And let dg be the metric on C induced by the modified Sobolev norm, i.e., d2(A, B) := |A— Bl||s. It follows

from symmetry that A, g A if and only if Af % At. Tt was shown in [4] that the Markov product is jointly
continuous with respect to da and that the metric space (C,ds) is complete. The metric Dy introduced in
[23] is defined by D2(A, B) := fol fol 181(A — B)(u,v)|” dudv. It can be regarded as an asymmetric version
of dy via the relation d3(A, B) = D3(A, B) + D3(A!, BY). The topology induced by da coincides [23] with
the topology on C induced by the 9 -convergence studied in [11], 12]. As such, the corresponding topology on
M shall be denoted by Oy. Let us denote respectively by O,, and O, the weak operator topology and the
strong operator topology on M;j. Using the one-to-one correspondence between C and M;, the topology
O,, on M; corresponds to the topology on C induced by the metric do, (see [14]), while it was shown in
[23] that Oy corresponds to the topology on C induced by the metric Ds. So Op is finer than O, and O,,,
ie. O, C O5 C Oy.

2.3 Idempotent copulas

For a sub-c-algebra % of £, aset S € .% is called an atom in . if it has positive measure and there is no
subset F € . of S having measure strictly between 0 and A(S). % is said to be non-atomic if it has no
atom; otherwise it is called atomic. If . has a (countable) family of essentially disjoint atoms By, Bs, . ..
in . for which the sum of their measures is 1, then it is called totally atomic. If . contains only atoms
with measure 1, then it is called 1-atomic. For subclasses #Z and . of %, .%_is said to be essentially
equivalent to X if for every S € .7 there exists R € # such that A(SAR) = O.E Sub-o-algebras #Z and
 of A are called essentially equivalent, and written as Z ~ ., if % is essentially equivalent to % and
Z is essentially equivalent to ..

Recall that an idempotent copula is a copula C such that C? = C'. It was shown in [5] and [24] that
every idempotent copula is symmetric, which yields that T|r2 is self-adjoint. So the Markov operator on
L? of an idempotent copula C is a projection. Clearly, a projection Markov operator is the Markov operator
of an idempotent copula. Darsow and Olsen [j] gave a characterization of idempotent copulas C' by splitting
into cases according to the size of the o-algebra ¢ of invariant sets under C'. Recall that a Borel set S is
said to be in y¢ if Tolg = 1s. An idempotent copula C' is said to be non-atomic/atomic/totally atomic if
~c is non-atomic/atomic/totally atomic, respectively.

Let P = {(ag,br)}rea be a partitionE of I and {Cy}rea a collection of copulas, where A is either N or
{1,2,...,m} for some m € N. Define ®pC}, by, for z,y €I,

T—ap Y—ag

by, —ar)C f b
ak}+(k ak) k<bkak,bkak) Orxaye(akh k]7
M(z,y) otherwise.

@ Cr(z,y) =
P
Then @©pCj is a copula called the ordinal sum of {Cy} with respect to the partition P or the ordinal
sum on the partition P with components Cj. It is straightforward to verify that (@pC’k)t = ®pC}; that
(®pCyr) (®pDy) = ®p(CrDy); and that &pCy = @p Dy, if and only if Cy = Dy, for all k. Ergo, ®pCy, is
idempotent if and only if C} is idempotent for all k. By [f, Lemma 4.1], a Borel subset @ of (ag,bg) is
invariant under &pC), if and only if Q—ak iy invariant under Cj. A partition {(ag,bx)}rea of I is called a

b —ag
special partition and written as {(ak,ax+1)tren if by = ar41 for all k € A, where ap,q1 1= by, if |[A] = m.
A Borel partition of T is a collection {Sk}, ., consisting of essentially pairwise disjoint Borel sets such that

LOf course, AAB denotes the symmetric difference (A\B) U (B\A).
2{(an,by)}rea is a partition of I if (a,by)’s are disjoint and Dokealby —ax) =1



A(Sk) >0 for all k and 37, ) A(Sk) = 1. Let us quote theorems from [5], some of which are rewritten to
incorporate necessary details from proofs.

Theorem 2.3. Let E be an idempotent copula.

1. If E is 1-atomic then E =1I.

2. If E is non-atomic then E = C, yCy,. where f € F is such that vg ~ f~1(5B).
Note that the converses of both statements also hold. See [, 124/
Theorem 2.4. Let P = {(ag,ar+1)} be a special partition of I and E a copula.

1. If E = @pll then E is totally atomic idempotent and vg =~ o(P).

2. Conversely, if P is essentially equivalent to vg, then

(a) E is an ordinal sum with respect to the partition P ;

(b) if, in addition, vg =~ o(P), then E = ®pEy where each component Ey, is 1-atomic copula;
(c) if, in addition to the assumption in (b), E is idempotent, then each E} is the copula 1.

Proposition 2.5. Let {Si}rea be a Borel partition of I. Then there exists p € Finy and a special partition
P = {(ak,ax+1)rea of I such that p=(Sy) ~ [ag,ar+1) for all k € A. Such a p is called a rearrangement
of {Sk} (into P ).

Theorem 2.6. A copula E is a totally atomic idempotent if and only if E = Cp(®pIl)C., for some
D € Finy and special partition P of 1 such that p is a rearrangement of a maximal set of essentially pairwise
disjoint atoms {Sk}trea in yE into P.

Theorem 2.7. A copula E is an idempotent that is atomic but not totally atomic if and only if E =
Cpe(®pFy)Ce,p for some p € Finy, special partition P of I and non-atomic idempotent F1 such that p is
a rearrangement of {Sk}trea into P, where Fj, =11 for all k> 2, {Si}tr>2 s a mazimal set of essentially
pairwise disjoint atoms in yg, and S1 =1\ Ug>2Sk. Note that Fy = C, 1,Ch ¢ for some h € F.

By Corollaries 3.4.1 and 4.4.1, 5.11 in [5], we have:

Corollary 2.8. There is a unique idempotent copula C whose invariant sets yo is essentially equivalent to
a given sub o -algebra & of AB.

2.4 Associated o-algebras and atomicity of copulas

Following [22], we give some background of associated o-algebras and various types of the atomicity of
copulas. The associated o -algebras of a copula C' or its Markov operator T'= T is defined as

oc=o0p:={S€PB:Tlg=1p for some R € B} and ol =05 :={Re€ B:T1lg = 1g for some S € B}.

Evidently, if C is idempotent then oc = 0f, = 7y¢. Generally, 0} = o7+, and hence o}, = ¢t . In fact, if
T1ls = 1g then T*1p = 1g. Consequently, o¢ is non-atomic if and only if of, is non-atomic. This is also
valid for all types of atomicity. L.e., o¢ is non-atomic/1-atomic/atomic/totally atomic if and only if of is
non-atomic/1-atomic/atomic/totally atomic, respectively. Hence, the atomicity of a copula or its Markov
operator is defined corresponding to that of its associated o-algebras.

Since the associated o-algebras of a Markov operator are defined via indicator functions which are in
L, they all coincide no matter which L? the Markov operator is on, i.e. o7 = op|,, -

Analogous to the invariant sets, o4, ’s scale linearly according to P under taking ordinal sum.

Lemma 2.9. If A= ®pA, where P = {(ax,br)}, then for all Borel sets Q, R C (ay, by,)

1. Q isin o4 if and only if Ifi:Z: is in o, ; and
R—

2. R isin o if and only if % s in o .
bk — ag k



2.5 Non-atomic copulas

We gather some useful results related to non-atomic copulas below. See [B, 22, [17].
Proposition 2.10. Let f,g € F, C €C, and ¥ a non-atomic sub-o -algebra of A .
1. Cf)f =M and Cf7g = Cf,EC&g.

. Cf,ng e — Cfog,e and Ce,gCe,f = Ce7fog~

144 Ua)f =o00,, R 4(2).
. There exists h € F such that h™1(8) ~ .7 .
v. If C is idempotent and oc ~ f~1(B), then C = C, tCs..
Vi. 0C, ;Cpe = 0C,. ANd oa’fcgﬁ = Ua"f.
vii. oc;.c =0c and UE'Ce,f = o provided that f € Fipy.
viti. occ, ; = floc) and of. o~ f(of) provided that f € Finy.
ir. Ce tCfe=CeyqCye if and only if there is h € Finy for which f = hog almost everywhere.
z. If f~YB) ~ g 1 (PB) then there exists h € Fi,, such that f = hog almost everywhere.

Given p € [1,00] and a sub-c-algebra . of &, we define LP (5”) to be a subclass of LP consisting only
of .-measurable functions.

Theorem 2.11. For every non-atomic copula C, there exist h and g in F such that of =~ h=1(%),
oo~ g Y RB), and Tc = TenTge on Lt (g_l(%)) .

A non-atomic copula C is said to be factorizable if there exist f and g in F such that C' = Ce¢ ;Cy..
Given a non-atomic copula C, by Proposition (iv), there exist f and g in F such that oc ~ g~ (%)
and of =~ f~Y(%). The product €’ := e,fCcCCe ¢Cy e, which is independent of the choices of f and
g, is called the isoalgebra copula of C. In fact, C’ is factorizable and shares the same set of associated
o-algebras as that of C. The following theorem presents C’ as a tool in characterizing factorizable copulas.
See [17] for more details.

Theorem 2.12. A non-atomic copula C is factorizable if and only if C' coincides with its isoalgebra copula,
ie. C=C".

3 Characterization of pre-idempotent copulas

Definition 3.1. Let C be a copula. The transpose-product of C is defined as C*C and C is pre-idempotent
if its transpose-product is idempotent, i.e. C*CC*C = C*C'. Denote R := {C € C: C*C is idempotent}.

Clearly, R contains all idempotent copulas as well as all factorizable copulas. In fact, if C = LR _where
L and R! are left invertible then C*C = (LR)!(LR) = R'R which is idempotent. By Propositions .2 and

)

CeER +— C'eR «— C=CC'C. (3.1)

Note that there are factorizable copulas which are not idempotent, such as W, the copula A in Example
, and all asymmetric factorizable copulas.

The following lemma shows that the atomicity of a pre-idempotent copula can be verified via that of its
transpose-product.

Lemma 3.2. Let C € R. Then oc = octc and 0 = occt .



Proof. Let C' € R with corresponding L?-Markov operator T¢. We will show only that o = ot because
the other identity can be obtained by substituting C* for C'. Let R € o¢ and S € o¢ such that Telg = 1g.
So Tgls = 1g and Teielr = TE(Telg) = Tgls = 1g. Hence R € ocie. Conversely, let K € ocic.
Since Ct!C is idempotent, 1 = TCtC]-K = Té«(TclK) = Tg,g where g = Telg € L2, By properties
of Markov operators, [;gd\ = [[1x d\ = ANK) and 0 < g < 1 ae. So 0 < g?> < g <1 ae Then
MEK) = (1, 1x) = (T3g,1k) = (9, Telk) = (9,9) = [; 9> dX < [;gdXA = A\(K) which implies that g = g°
a.e. Hence, g = 1 for some Borel set E. That is, K € o¢. O

Let us observe here that if r € Fi,y, then C,,C, . =M and

(Cre(@®pF)Cop) (Cro(®pFi)Cop) = Cpo(®pFiF;)Cep. (3.2)

Proposition 3.3. Let P = {(ak,ar+1)}rer be a special partition of I and p,r € Fiy. The following
statements hold for C' = C,.(®pDy)Ce,, where Dy’s are copulas.

1. If Dy, =11 for all k, then C is a totally atomic pre-idempotent copula.

2. If Dy is factorizable and Dy =11 for k > 2, then C is a pre-idempotent copula that is atomic but not
totally atomic.

Proof. From (@), C'C = Cpe(®pD}Dy)Ce . If each Dy, is either factorizable or II then each D} Dy, and
hence C*C, is idempotent, which implies that C is pre-idempotent. The desired atomicity of C' in cases
and P follows from Lemma B.2, Theorem and Theorem PR.7. O

Lemma 3.4. II is the only 1-atomic pre-idempotent copula.

Proof. Let C be a l-atomic pre-idempotent. By Lemma @, C!C and CC! are 1-atomic idempotent. So
C'C = CC" =1I by Theorem @ (m) To show C = 1II, it suffices to show that for each v € I, ,C(t,u) = u
a.e. t € I. Let u € I. The derivations

u? = T(u,u) = C*C(u,u) = /01 02C (u, )01 C(t,u) dt = /01 (810(t7u))2dt and (3.3)

1 u—u2:11 u2—1u1 U 1u2=11 u2—u2
/0(810(t,) )" dt /O(ac(t, )" dt /0280(t, )dt+/0 dt /O(aC(t, )" dt ,

where the second equality follows from the fact that fol 01C(t,u) dt = C(1,u) — C(0,u) = wu, yields
fol (01C(t,u) — u)2 dt = 0, and the claim follows. O

As mentioned above, every factorizable copula is a non-atomic pre-idempotent. The converse also holds.
Theorem 3.5. Every non-atomic pre-idempotent copula is factorizable.

Proof. Let C' be a non-atomic pre-idempotent. In light of Theorem and Lemma @, there exist f,g €
F such that Tc = T Ty, on L' (g7 (B)), f[~Y#B) = ¢f = occt, and g7 (PB) ~ oc = ocic. By
Theorem @(E), the transpose-products of C' and C' can be written as C'C = C, ,Cy. and CC* =
Ce tCs e, respectively. By applying (@ twice, the isoalgebra copula of C equals C" := C¢ ;C .CC, 4Cy e =
CC'CC'C = CC*C = C. By Theorem , C is factorizable.

Corollary 3.6. If A is a non-atomic pre-idempotent copula with o =~ g=*(#) and 0% ~ f~1(B) for some
fyg € F, then there exists an invertible copula S such that A = Ce ySCy ..

Proof. Since the o-algebras of idempotents A*A and AA' are o4i4 = 04 ~ g7 '(#B) and oaar = 0% =
(%), Theorem (E) gives A'A = C. ,C,. and AA" = C, yCf .. By Theorem B.§, A is factorizable:
A = C.pCe for some h,k € F. Then C, ;Cye = A'A = C, 4Cy . and C¢,Ch e = AA" = C, ;Cfe. So
by _Proposition (ix), there exist r,p € Fiyy such that k = rog and h = po f. Thus, by Proposition
E(ii), A = CepofCroge = Ce,ySCy e, where S := C, ,C, . is invertible. O

The following characterization of factorizable Markov operators is an immediate consequence of Theorem
and Proposition P.2.



Corollary 3.7. For every non-atomic Markov operator T on L?, T is a partial isometry if and only if T
is factorizable.

Theorem 3.8. Let C € R be atomic then there exist p,7 € Finy and a special partition P = {(ag, ax+1) }kea
such that C = C.(®pDy)Ce,p, where Dy =11 for all k > 2 (if any). Furthermore, D1 =11 if C is totally
atomic; otherwise, D1 is a factorizable copula.

Proof. By assumption, C*C' is atomic idempotent with invariant sets yotc = o¢ and yoor = of. Let us
first consider the case that C*C is not totally atomic. Let {S}r>2 be a maximal collection of essentially

pairwise disjoint atoms in o¢, S1 = I\ Ug>2 Sk, and Ry’s Borel sets in ¢, such that Tclg, = 1g,.
Consequently, {Rp}i>2 is a maximal collection of essentially pairwise disjoint atoms in of,. By Proposition
and Theorem P.7, there exist a special partition P = {(ag,ax+1)} of I, a non-atomic idempotent F;,

and p,7 € Finy such that p=(Sk) = [ak, axs1) = 7~ (Ri) for all k and C'C = Cp( ®p Fi)Cep, where
Fp=1I for k> 2. Put D:=C,,CC,. so that

D'D = C.,,C'CCp. = P Fr, (3.4)
P

which is idempotent. For each k_€ A, Tplig, 4.y = Te TcTpelp-1(s,) = TepTols, = Terlr, =

11 (Ru= L{ay.ars,) - By Theorem P.4, D is an ordinal sum with respect to the partition P, i.e. D = @&pDy.
So by (BA4), ®pDLDy = D'D = ®pF),. Hence. DiD; = Fy and D} D =1I for all k > 2. For k > 2,
Lemma implies that Dy = II. By Theorem B.5, the non-atomic pre-idempotent D is factorizable. Thus,

C=0CreDCep = Cro(®pDy)Cep, where Dy =1I for all k> 2 and D, is factorizable.

The case that C is totally atomic can be proved in a similar manner as the previous case with minimal
adjustments. In this case, {S;} and_{Ry} are maximal collections of essentially pairwise disjoint atoms in
oc and of, respectively. Theorem is applied instead of Theorem P.7, thus the copulas F; and D; in
this case become the copula II. O

For conciseness, only in the following theorem, empty intervals will be permissible in the partition P,
that is the components Dy in ®pDj corresponding to empty intervals vanish. This allows us to unify
Lemma B.4, Theorem B.§, and Theorem and conclude our characterization of pre-idempotent copulas.

Theorem 3.9. For C' € R, there exist invertible measure-preserving functions p,r and a special partition
P = {Iitren of I such that C = C, . (DpDy)C.,p, where the component Dy is factorizable, and each
component Dy, k > 2, is the copula 1I.

If C is non-atomic, then I = (0,1) and Iy = 0 for all k > 2, and the measure-preserving functions r
and p can be chosen to be the identity function, hence it is in fact the factorizable copula.

If C is totally atomic, then Iy = (. That is the ordinal sum ®pDy contains only the copula I as its
components. In particular, if C is 1-atomic, then Iy = (0,1) and all other Ij ’s are empty, thus C =1I.

The following example shows that a pre-idempotent with given associated o-algebras is not necessarily
unique.

Example 3.10. 1. Consider a sub-c-algebra A=!(%) where A(z) = 2min{z,1 — 2}. Recall [f, 22]
that D := Ce ACp, is a non-atomic idempotent copula for which op = o}, = A"YAB). Let A :=
CeACewCp e, where w € Fiyy is defined by w(z) = 1 —x. Since w is invertible, it follows from
Proposition E (vi, vii, and iii) that o4 = 0% ~ A71(2%). The supports of factorizable copulas D
and A are shown in Figure [l|.

2. Let ai := % and P := {(ax,ar+1), k = 1,2,3} be a partition of I. Let F := $&pF; be an ordinal
sum on the partition P with components Fj := II for all k = 1,2,3. Then F is a totally atomic
idempotent copula, hence pre-idempotent, with op = o} ~ o(P). Let ¢ € Fip, map x to £+ 1/3 on
[1/3,2/3), x to x —1/3 on [2/3,1], and x to itself elsewhere. Then C., is an invertible copula. By
direct calculation or using results on shuffles of Min (See [1§]), B := C, ¢F is a copula whose support
is shown in Figure m Consider B*B = (F'C! ,)(CeF) = F'F = F. Thus B € R. By Proposition
(vii and vili), op = 0¢, ,r = 0p and o =0¢, p * (Y or)~o%. But B#£F.



23 p--- SRR’ I I
12 1/2 | / S|
2] A A ] S
0 1/2 1 0 1/2 1 0 1/3 2/3 1 0
D A Ce,é B

Figure 1: Supports of copulas D, A, C.y and B

Proposition 3.11. Let A,C € R be such that o4 = o¢ and o’ = of,. Then there exist C1,Cy € R such
that oc, = of, =0, 05, =0c, =0c, A=C1C and A= CCs.

Proof. The case of 1-atomic is clear since A and C are exactly the copula II by Lemma @

If A and C are non-atomic sharing the same set of associated o-algebras, then, by Theorem @, both
A and C are factorizable. Let_f,g € F be such that C = C yCy.. Thus o4 = o¢c = g (%) and
oh =05 = f~1(%). Corollary @ yields an h € Finy such that A = C, fCe ,Cye. Then Ce fCe ,Cye =
(Ce}fCe,th,e)(Cenyg,e) = 010 and Ce,fCe’th,e = (Ce}ng’e)<Ce,gC Cg’e) = CCQ 5 where 01 = Ce,fCe,th,e
and Cy = C4C. Cy . are clearly both in R. By Proposition @(ii and vi), o¢, = 0§, = of and
06, =00, =0C.

For the atomic case, we first suppose C' is atomic but not totally atomic. Let {Si}r>2 and {Ry}i>2 be
maximal collections of essentially disjoint atoms in o¢ and o, respectively, such that Tclg, = 1g, for
all k. Then S7 := I\ Up>2S, and Ry := I\ Up>2R; have positive and equal measure. Since o4 = oc¢
and 0% = o}, there exists a permutation 7 on the indices of {S;}r>2 such that Thlg, = 1g,,,- By
Theorem and its proof, there exist pi,po,r1,72 € Finy and a special partition P = {(ax, ag4+1)} such
that pl_l(Sk) ~ p2_1(5ﬂﬁ1(k)) ~ ag, Q1) & T2_1(Rw(k)) ~ Tl_l(Rk), and

C = CTI’E(EB']DD}C)CQ,I,I and CT%Q(EBPE]C)CQ’I,I =A= Crl,e(@PFk)Ce,p2; (35)

where Dy = B, = F, =1l forall k > 2, and D,, F, and F; are factorizable copulas with op, = op, =op
and o = op = oy . From the non-atomic case, there exist factorizable copulas H; and K; such that

E1 :HlDl, F1 :D1K17 OH, = 07{1 :JBI and 0';(1 =0K, = 0D, - (36)

Setting Hy = Ky =1II for all k > 2, then (§pHy)(®pDy) = &pHrDy = ®pEy and (®pDy)(BpKy) =
@OpDi Ky, = ®pFy., which, together with (B.5), gives
A= Crpe(®pE)Cepy = Crae(OpHi)(©p D) Ce py = Cry e (BpHy)Cepr, € = C1C and
A =Cry e(&pFr)Cepy = Cry (&P Dr)(@pKi)Ce,p, = CCpy e(®pK)Ce p, = CCo,
where C1 = Cy, (®pHy)Ce,ry, and Cy = Cp, (®pKj)Ce p, . Note that (@) and Lemma @ imply that
OonHy = OhoH, = OopDy = Otpk, a0d 05 g, = Oapk, = OapD, = Oapr, - Consequently, by Proposition
@ (vii and viii),
0C, = O(epHy)Cor, = (0apm,) =711(08,p,) = 03,,.116(@7,13@ =op and
02'1 = Uérg,e(@PHk) = T2(U%PH’C) = r2(aéPEk) = Uérg,e(@pEk) = 02 = O—é'
By a similar argument, o, = p1(0g,p,) = 0c and oc, = p2(depr,) =04 = 0C.
The case that C is totally atomic follows from a similar proof as in the previous case without the non-
atomic part in the first component. That is, the sets {Sx} and {Rj} are maximal collections of essentially

pairwise disjoint atoms in o¢ and of,, respectively. So all components of the ordinal sum ©pDy, &pE,
@pF} are II, and hence Cy and Cy are set to be C., (BpDy)Ce,r, and Cy, (BpDy)Ce p, , respectively. [



4 The closure of the pre-idempotent copulas

As the class of factorizable copulas, denoted by Cr, contains all invertible copulas which form a dense subset
of C, both Cr and R are dense in C with respect to the uniform norm. So, in this section, we shall
investigate the closure/denseness with respect to da of the class R and the class of factorizable copulas.
Recall that the Markov product is jointly continuous with respect to ds.

Theorem 4.1. R is closed in (C,d2). That is, if {Cp}ln>1 is a sequence in R converging to a copula C
with respect to dg, then C € R.

Proof. By (B), C, = C,.CLC, for all n. Since ds is symmetric, we have that C,, 3 € and Ct B ¢,

which yield C,, = C,CLC, = ccto by the joint continuity of the Markov product. Thus, CC!C = C.

Applying (@) again gives C' € R. O
Let Cn denote the class of non-atomic copulas. By Theorem @, Cny NR = Cg, which is in fact dense

in R.

Theorem 4.2. The closure of Cr with respect to ds is R.

Proof. From Theorem @, Cr CR =TR. Toshow that R C Cr, let C € R\Cr. We will find a sequence
{Cp} in Cp converging to C' with respect to ds. For each m € N, let A,, be a patched copula defined as

=

m—

S M(Qi(u),v)

1
Am(ua U) T m “
for (u,v) € (#, %] x [0,1], where @Q; is the uniform distribution on [i, %] A,, is the left invertible
copula C,; where h(x) = ma (mod 1). Then each C,, := A, Al, is factorizable. Theorem 4.4 in_[1]
implies that C,,, converges to II with respect to ds. This proves the case that C = II. Using Theorem @,
an atomic copula C in R can be written as C = Cy. o(©pDy)Ce,p, where Dy =1I for all £ > 2 and D; is
either a factorizable copula or the copula II. For m > 1, let F,, := C, (®pE),m)Cep, where Ey . = Cy,

for all £ > 2, and F, ., is chosen to be either D; whenever D; is factorizable, or (), whenever D; = II.

d
Then {F,,}m>1 is a sequence of factorizable copulas. By direct calculation and using that C,, 311, we get

that @pr}am g @p Dy . Hence, Fy, g Cr,e(@’PDk)Ce,p =C. O
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