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Abstract

The copula of two uniform-(0,1) random variables U and V' is called implicit
dependence if there exist measure-preserving transformations o and g on [0, 1] such
that a(U) = (V) almost surely. Relationships between the implicit dependence
copula Cyy and the complete dependence copulas C., and Cg., where e is the
identity map, are investigated. In the case where both a and 3 are countably
piecewise monotonic surjections, we obtain a characterization of implicit dependence

copulas in terms of generalized Markov products of C¢ , and Cg .
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1 Introduction

The most important role copulas play in probabilistic modeling is to describe dependence
among random variables up to U(0,1) marginals. Sifting for a suitable copula can be
facilitated by key features of their dependence structures, e.g. asymptotic dependence,
tail dependence coefficients, rank correlation coefficients, distance correlation coefficients

or probability mass distribution. See for instance [12, [7]. Due partly to the convenience
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of probability density functions, absolutely continuous copulas have been investigated
and utilized in practice much earlier than other types of copulas. More deterministic
but mostly simpler to manipulate is the singular copulas whose mass is concentrated
on a set of Lebesgue measure zero. Typical two-dimensional singular copulas are the
copulas of two continuous random variables where one is a Borel function of the other,
called the complete dependence (CD) copulas. They are always of the form C., or Cy
for some measure-preserving function «, where e is the identity function on [0, 1] and
Cop(z,y) = X(a™([0,2]) N B71([0,y])). This simple analytic characterization of the CD
copulas gives rise to its ubiquity in copula theory [21]. In the class of bivariate copulas,
even though the CD copulas form a dense set in the supremum norm, the set is quite small
in dependence-indicating norms such as the modified Sobolev norm [[19, [16]. Hence, some
weaker types of dependence between random variables and the corresponding copulas
should be explored further, especially as representatives of copulas sharing the same level
of dependence.

Two random variables X and Y are said to be implicitly dependent if f(X) = g(Y)
almost surely for some Borel functions f and g. See [2, p. 144] and [15, p. 283]. In [20],
implicit dependence copulas, defined as the copulas of implicitly dependent continuous
random variables, was thought speciously to be factorizable as C, * Cg.. This claim,
though not relevant to the results proved in [20], turns out to be false as a simple example
can be constructed from X ~ U(0,1) and Z ~ Ber(p) such that X, Z are independent
by setting ¥ = 1(3(2)X + 103(Z)(1 — X). Then Y ~ U(0,1), Ay/2(X) = Ay2(Y) and
Cix,y)y = pM + (1 — p)W, which is not factorizable if p ¢ {0,1/2,1}, where M, W are the
Fréchet-Hoeffding upper and lower bounds and Ag(z) := min (%, 1=%) for § € (0,1). As far
as we are aware, the first connection between implicit dependence copulas and complete
dependence copulas appeared in [[13] for a very special case of implicit dependence copulas
Cu,v, where U,V are U(0, 1)-random variables such that Ayp(U) = Ag(V) a.s., stating that
such implicit dependence copulas are exactly the generalized Markov product Ce p,* 4Ch, .
for all A = {Ai},c(y) such that ¢ — A,(6,0) is measurable in ¢.

In this paper, we shall generalize the above characterization to the case where o(U) =
(V') a.s. for some measure-preserving transformations o and 3 that are countably piece-
wise monotonic surjection. Following the notation in Definition m, we obtain that a copula
C'is in épip if and only if there exist o, f € Fp and A := {At}te[o,1] C € such that A, (x,y)
is measurable in ¢ for all (z,y) € I and C = C, 4 *4 Cs.. All requisite background will
be given in the next section. The “if” part (Theorem H) will be discussed in section B,
while the “only if” part (Theorem ) will be proved in section @ In section B, we show
via examples how to find A and factorize checkmin copulas and a copula with hairpin

support.



2 Background

For subsets S; and Sy of I := [0, 1] both containing 0 and 1, a function A: S; x Sy — [0, 1]
is called a subcopula on Sy x Sy if A(0,y) =0 = A(z,0) and A(1l,y) =y, A(z,1) =z for
all z € S; and y € Sy and A is 2-increasing:

Va(B) := A2, y2) — A(z2,11) — A(z1,92) + A(z1,11) > 0

for every rectangle B := [x1, x2] X [y1, y2] for which all (z;,y;) are in S} x S;. A subcopula
on [0,1]% is called a copula. Tt then follows that every copula is non-decreasing in each
variable and Lipschitz with respect to the £*-norm on I?. This implies that the first partial
derivatives of a copula exist almost everywhere with values in [0, 1]. See [12] for a detailed
introduction to copulas.

Let A denote Lebesgue measure on I endowed with the Borel o-algebra & = Z(I).
A Borel transformation f on I is said to be measure-preserving if X (f~1(B)) = \(B)
for every B € Z. The identity on I is denoted by e. Corresponding to each pair of

measure-preserving transformations f and g on I, a copula C,: I? — I is defined by

Cra(@,y) = A(F7(10.2]) N g™ ([0,]))-

Conversely, every copula can be written as C' = Uy, for some measure-preserving trans-
formations f and g. Proofs of this characterization of copulas can be found in [3, 4, 22].

For continuous random variables X and Y, whose joint distribution function is H and
marginal distribution functions are F'x and Fy respectively, the Sklar’s theorem says that
there exists a unique copula, denoted by C|x vy, such that H(z,y) = C(xy) (Fx(z), Fy(y))
for x,y € R. By the probability integral transform, both Fx(X) and Fy(Y') are uniformly
distributed on [0, 1], written as Fx(X), Fy(Y) ~ U(0,1), and copulas are simply joint
distribution functions of uniformly distributed random variables. As such, it is universal
to view the copula of X,Y as containing all their marginal-free dependence structure.

Random variables X and Y are said to be completely dependent if there exists a Borel
function f such that Y = f(X) a.s. or X = f(Y) a.s.; and they are said to be implicitly
dependent if there exist Borel functions f and g such that f(X) = ¢g(Y) a.s. If X and Y are
completely /implicitly dependent continuous random variables, then their copula Cx y)
is called a complete/implicit dependence copula. It is well known [[7, 21] that a copula C'
is complete dependence if and only if C = C, 4 or C' = C);, . for some measure-preserving
transformation . In fact, if U ~ U(0,1) then Cyyw)) = Cep and Cyw)v) = Cye. Our
goal is to obtain an analogous characterization of implicit dependence copulas.

For convenience, let us denote by % the class of copulas, écp the class of complete
dependence copulas, %ip the class of implicit dependence copulas and .7 the class of
measure-preserving functions on I. In this manuscript, we shall investigate a proper

subclass of ¢1p defined as follows.



Definition 1. A measure-preserving transformation « on [0,1] is called a countably
piecewise monotonic surjection (CPMS), written o € Jp, if there is a partition (a.e.)
P = {I,},cy 0f [0,1] consisting of open intervals I, := (an, by,) such that )", (bp—a,) =1
and each o, == ay, is a strictly monotonic function from I,, onto (0,1).

An implicit dependence copula C' is said to be in €pip if there exist random variables
UV ~U(0,1) and o, B € Tp for which C = Cyy and a(U) = (V) a.s.

The generalized Markov product of copulas C' and D with respect to a parametric class

of copulas A := {A}, o ) 1 formally defined as

1
CoaDlay) = [ A(OLC 0. OD(E )it for a,y € [0.1]
0

If the map (¢,z,y) — A(z,y) is Borel measurable, then the function C' %4 D is a copula.
See [B, 0, L7, [1]. The product is simply written C' x4 D if A, = A for all (a.e.) t. And it
is the usual Markov product on € if A, =11 for all (a.e.) t

Let us recall our main tool borrowed from disintegration theorem. See [9, [L1]. Given
measurable spaces (€21, .%1) and (£, %2), a mapping K : ) x %, — R is called a Markov
kernel if wy — K(w1, B) is %#1-measurable for every fixed B € %, and B — K(wy, B) is
a probability measure for every fixed w; € €. For real-valued random variables X,Y,
there exists a Markov kernel K, called a reqular conditional distribution of Y given X,
satisfying K (X (w),B) = P(Y € B | X)(w) P-a.s. Then, for every Borel function f on
B(R?) with E[|f(Y, X)|] < oo, E[f(Y,X) | X] = [5 f( K(X,ds) a.s. Consequently,
if C' is a copula of random variables U,V ~ U(0,1) and KC is a version of the regular

conditional distribution of V' given U,

C(z,y) = /096 Kc(s,]0,y])ds. (2.1)

Lastly, we recall some theorems used in approximating the conditional probability
given X = x by the conditional probability given X in a neighborhood of z shrinking
nicely to x. A sequence {£;},. of Borel sets in R is said to shrink nicely to x € R if
there exist a number o > 0 and a sequence (r;) of positive real numbers converging to 0
such that F; C B(z,r;) and \(E;) > aA(B(z,r;)) for all 1.

Theorem 2. (|18, Theorem 7.10, p.140]) For each xz in R, let a sequence {E;(x)}>2
shrink to x nicely and let f € L'(R). Then, at almost everywhere x,

7j=1

f(2) = lim ———— / fdA.

j—o0 )\

Applying Theorem E to f(x) =P(Y € A| X = z) and using the identity [l, Theorem
5.3.1, p.205] / PY e A| X =t)dPx(t) =P(Y € A, X € E;), we have the following.

Ej



Theorem 3. Let X and Y be random variables, A € B(R) and {E;(x)}72, a sequence
that shrinks to x € R nicely. Then

PYecA|X=2)=1lmP(Y ecA|X € E;z)).

Jj—00

3 Generalized products of two complete dependence

copulas

Let a and 8 be CPMS measure-preserving transformations on [0, 1], i.e. o, 5 € Fp, with
partitions P := {I, := (an, bp) },cn and Q = {J, = (cn, dn)},en
an = alr, and B, = B|;,. By [10], cij := a; ' o, By == B; t o B; and v = Bt o qy
are strictly monotonic Borel measurable functions from I; onto I;, J; onto J;, and I;

respectively. Denote

onto J;, respectively. Consequently, all functions above are differentiable with nonzero
derivatives a.e. on their domains [8]. To refer to points outside the domains, we shall
denote OP :=[0,1] \ U, I, and 9Q := [0,1] \ U~ J». Clearly, XA (OP) = X (0Q) = 0.

Remark 4. 1. Form,n € N, we define a total order < on P by I, = I, if and only if
apm < a,. For convenience, we say that I,, < I, if a,, < a,. Similar total order and

relation on the partition () are defined and also denoted by =< and <, respectively.

2. For s € [0,1\0P (t € [0,1]\0Q) and i € N, let s (t¥)) denote the unique number
in I; (J;) such that a(su) = as) (B(tW) = B(t)). Obviously, s = su (t=tD)
if and only if s € I; (t € J;). Consequently, if s € I}, (t € Ji), then su) = au(s)
(£ = Bi(t)). Since every a; (B;) is strictly monotonic, it holds that for almost
every u,v € [0,1],

e if o and o (B; and B;) are either both increasing or both decreasing, then
U@y < V() (u(i) < v(i)) is equivalent to ugy < v (u(j) < v(j));

o otherwise, ugy < v (u(i) < v(i)) is equivalent to ugy > v (u(j) > v(j)).
Moreover, o' ((0,(s)]) = (Ujes,. (i 5(5]) U (Uieldm[s(i)v b;)) where
Iine :={i € N« is increasing} and Iz, := N\Ije.

Employing B;’s in place of ;’s, the partition {Jume, Jaee} of N can be defined in a

similar manner resulting in analogous statements for 5~ ((0, B(t)]).

3. For almost every z,y € [0,1] and almost every s,t € (0,1) such that a(s) = 5(t), we
— 1
have x = x(y), y = y© for somek, ¢ € N, 02C o (T, () = Z mﬂ(&x(m)(s(i))
Y (%)



and 9,C. 5y, a(s)) = 8,C. 5(y Z |B/ T g,y (t t9)). Equivalently,

BuCinlay,als)) = 4 1 T 70 <20 (3.1)

fe i Tky > Sk

. 1 :
where iy = Z |o/ and fu, - Z |O/ = L m; and like-

L=, ;<1

wise for 0,Ce 5. ILe., (92C'e,5(y(£), a(s)) = nel, y@))(t( )) + 0Ly () where n, :=
ZJjjJe Wl(]))l and n; = ZJj'<J£ m == (t(f) . All summations are conver-
gent because they are all bounded by one. Moreover, by the facts that all summands
are positive and that the collection & of indexed sets {i: I; < I} and {i: I; < I},
k € N, is totally ordered, for every value p in {px, wi: k € N} there exists a unique
I, € 7 such that p =37, \aT
corresponds a unique indexed set 7, of the form {j: J; 2 Jo} or {j: J; < Jo}, for

Similarly, for every n in {ney,n;: £ € N} there

some { € N, such that n =3, m

To prove (@), let F(k,z) = Z (o' (2) — @) + Z (bi — a;'(2)) and observe
(= =y

from the definition of C. , that
F(k,a(s)) + min (2@, ) — ar if k € Lpne,

Ce,a (x(k)a Q(S)) = .
F(k,a(s)) + max (:L‘(k) — S(k)s O) if k € Igee.

For s € I\ OP and h small enough that a(s) + h € (0,1), it is evident that

F(k,a(s) + h) — F(k,a(s)) Z a; Ha(s) +h) — a; Ha(s))

7

h h
1; <1
h - Ce o 3
and hence (g, ols) + IZ (2, o is equal to
-1 o
o) FRGUEEEACC I
I; <1y 1 1
Z Q; (O{(S) + hf)L - Q; (OZ(S))‘ Zfl’ > S(k:
I; 31

For s = sy € I; at which o is differentiable, a; ! is differentiable at o (s) and

allal) R —arals) |

It then follows straightforwardly from the definition of 02C.(x, a(s)) that (@)

holds a.e. x and s. The second equation can be derived analogously.
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4. Foryel, Ko(s,[0,y]) = Ke(s, [0,y]\0Q) a.e. s because P(Y € 0Q | X) =0 a.s.

5. The case that P := {[;};_, or Q = {J;},_, are finite partitions on [0,1] can be
viewed as a special case of our work by letting I; =0 fori >m or J; =0 for j > n,

respectively.

Theorem 5. Let A := {At}te[o,l} be a class of copulas such that A, (x,y) is Borel measur-
able int for all (z,y) € 2. For CPMS measure-preserving transformations o, 3, the copula
Ce.a*4Cae s an implicit dependence copula. In fact, there exist random variables X and
Y uniformly distributed on [0,1] such that a(X) = B(Y) a.s. and Ceq ¥4 Cge = Cx vy

Proof. At every (z,y) € I?, 3,C. (z,t) and 95C, 5(y, t) are measurable in ¢ by Lebesgue
differentiation theorem; and so A; (02Ce n(z,t), 02C, 5(y,t)) is measurable in ¢. Conse-
quently, C" := C,, *4 Cp. is well-defined and hence a copula. Let pc be the Borel
probability measure extension of Ve to %(I1?). Define random variables X and Y as the
projection maps of I? onto the z- and y-coordinates, respectively. Since pcr has uniform
marginals, X and Y are uniformly distributed on [0,1]. Also, their joint distribution
function is C', i.e. C(xy) = C'. It then remains to show that oo X (z,y) = foY(x,y)
for pcr-a.e. (x,y) € I?, which will be shown on each A;; := I; x J; that Vo (A4;; \ G) =0
where G := {a(X) = 8(Y)} = {(z,y) € I*: y = v;i(x) for some i, j}. By the monotonic-
ity of v;;, every rectangular subset of A4;;\G can be written as a combination of no more
than four rectangles in A;;\G all of which have two sides lying on the boundary of A,;.
It then suffices to show that Vi (B) = 0 whenever B is such a rectangle.

For almost every (x,y) € I, x J, and almost every ¢t € (0,1), (@) for both C.,
and C.p can be rewritten simply as combinations of indicator functions, of which the

coefficients depend on whether oy, and 3, are increasing or decreasing as follows:

8206,0t<x7 t) = ﬂpﬂ[O,a(I))<t> + ﬂpﬂ(a(x),l] <t> with {ﬂp: ,ap} = {IU/IN :UJ;*;} and
0Ce5(y,t) = ﬁqﬂ[oﬁ(y))(t) + gL (8»),1) (t)  with {7} = {77‘1777;} )
where /i, = 1, if and only if o, is increasing; and 7, = 7, if and only if 3, is increasing. In
particular, 0yC o (ap,t) = f1, 02Ce o (bp,t) = pp, 02Ce 5 (¢, ) = 1y and o Ce 5 (dy, t) = 1),
The symbols jy, p,, m, and 7; were defined in Remark @(3) Before considering the cases

where v, :== 8, o q, is increasing and decreasing, let us note here that for a.e. (z,y) €
I, x Jy,

Ay (0:C, o (2, t),0:C 5(y, 1)) = (3.2)

if a(z) <t <py),
Ay Fips Tl if B(y) <t< O‘(x)a
where M, := min{a(z), 8(y)} and M, := max{«a(z), 5(y)}.

Case 1: v,, is increasing.

)

fp, Tg) it ¢ > My,
)
)



Cq Cq | Cq Cq |

a a a a
p by P by P by P by

1.1 1.2 2.1 2.2

Figure 1: Possible rectangles of the four subcases in Theorem H

Subcase 1.1 B = [a,, 2| X [y, d,| where y > 7,,(z). Then Ve (B) equals

C'(x, dg) — Cl(azn dg) — C'(z,y) + C'(ap,y)

o) 1
= [/ Ay (ﬂp’nq) dt“‘/( )At (ﬂpvnq) dt] - [/ At “p?nq dt}
0 a(x

My Mo 1
- |:/ At (/llh ﬁq) dt + / At <a2Ce a( ) 82 e, Z/, dt + / At ;upv 77q dt:|
0 My Mo
B(y) X 1
0 B(y)

o If B, is increasing, then so is «,. Thus, i, = p, and 7, = n,, which yields
fip, = p5y and 7, = 1. In this case, we also have M; = a(z), My = B(y) and

the above expression of Vi (B) reduces to
1 1 By) Bly)
/( )At (,u;,nq) dt—/ Ay (,u;,'r]q) dt—/( ) Ay (,u;,'r]q) dt—l—/ Ay (u;, nq) dt = 0.
a(x 0 a(z 0

o If B, is decreasing, then «, is decreasing. Hence, fi, = p; and 7, = n;, which
gives fi, = p, and 1, = n,. Also M; = B(y), My = a(z), and the above

expression of Vi (B) reduces to

a(z) 1 a(x) 1
/0 At(u;,nq)dt—/o At(u;;,nq)dt—/ﬁ At(u;‘),nq)d%/ﬁ Ay (py;71q) At = 0.

() )
Subcase 1.2 B = [z,b,] X [¢g,y] where y < v,,(z). Then Vi (B) equals

Cl(bp’ y) - Cl(mﬁ y) - Cl(bp’ Cq) + C”(x, Cq)

B(y) A 1
= / Ay (pap, 7g) dt + / Ay (pp, 1) dt
0 B(y)

Ml M2
- |:/ At (/lih ﬁq) dt + / At (8206,01(1;7 t)? 82Ce,ﬁ(y’ t)) dt + /
0 My Mo
1
— V Ar (tps1y) dt} +
0

a(x) 1
[ aliiyars [ sG]
0 ax
By a similar argument to subcase 1.1, we obtain Ve (B) = 0.

1

At (:apa ﬁq) dt:|

8



Case 2: v,, is decreasing.
Subcase 2.1 B = [z,b,] X [y, d,] where y > 7,,(z). Then Ve (B) equals

Cl(bpa dq) - C/<QZ, dq) - C/(b]m y) + C/<QZ, y)

1 a(z) 1
{/ t (1p, Mg dt] / Ay (fip, mg) At + / Ay (fip, g) dt]
0 0

a(x)
Bly
/ At (1p, g dt+/ Ar (kp, 77g) dt
0

M1 M2
+ |:/ At :up7 T]q) dt + / At (82067,1(1', t)u 82Oe,ﬂ(y7 t)) dt + /

M1 M2

1

A; (i i) dt} |

which can be shown to be equal to 0 by considering the cases where 3, is increasing

or decreasing in the same manner as in subcase 1.1.
Subcase 2.2 B = [a,, z] X [¢g, y] where y < v,,(z). Then Vi (B) equals
C'(z,y) — C'ap, y) — C'(z, ¢q) + C'(ap, cq)

M1 M2
- { / Ay (fip, ) dt + / Ay (95Cn(@, 1), 05Cl 5(y, 1)) At + /
0

My Mo

1
A (fip, q) dt}

By) X 1
— /O Ay (u;, nq) dt +/,3 Ay (M;, ﬁq) dt

(v)

a(z) 1
| Ay [ A
0 a(x

1
+ [/ Ar (1,7) dt} ,
0

which is equal to 0 by the same argument. Il

4 Generalized factorizability of implicit dependence

copulas

In this section, the implicit dependence copula of random variables X, Y ~ (0, 1), where
a(X) = B(Y) a.s. for some CPMS measure-preserving transformations «, 5 (i.e. o, 5 €
Ip), will be written as the product of two complete dependence copulas.

Let {I,,} and {J,} be the partitions of « and 3, respectively. For each 7, j € N, denote
A ={X € 1,,Y € J;} on which «;(X) = §;(Y) a.s. Hence Y = v;;(X) a.s. on A;; and

Y = Z Z v5i(X a.s. (4.1)

j=1 i=1

Lemma 6. Let o, € Tp with the partitions {I,} and {J,}, respectively, and C the
copula of X,Y ~ U(0,1) for which a(X) = B(Y) a.s. Leti,k € N, y € (0,1) and B a
Borel subset of (0,1]. Then for a.e. s,



1. Ke(s,B) =Y > Kcls, Ty, (9);

=1 £=1

2. putting y® := v (z;)), we have that

Ko (s, (e, y™]) = Ko (56, J) 1 (o 0] (50))

B Ke (s(i), Jk) Il(ai’r(i)] (s(i)) if Vi 1S increasing,

Ko (s(i), Jk) H[I(i)vbi) (s(i)) if Vi 1S decreasing,

3. setting y*) = Yei(Z@y), it follows from @ that

Z Ke(swy, J5) if sy < 2,
if Wi is increasing, then Ke (sq, (0,yW]) = i

Y Kelsw, i) if sqy >

\Jj-<Jk.
(
Z Ke(say, Ji) if sg <
Zf Yki 18 decreasmg, then Kc( () (O Y }) £ Jj=<Jy
Z KC(S@)’ JJ) ZfS > L)
/i =3k

4o if yi(s@y) < y®, then Ko (sq, (O,Z/(k)]) = Kc | s@), U (0,%56(s0))] | 5

if i(s@) > y®, then Ke (s, (0,y™]) = Ke | s, U (0,75i(s(1))]

Here, an empty sum is set to be zero.

Proof. 1. From (@), it holds that
LpoY =33 (1 (X)) 14, as
j=1 i=1

where we have used the observation that 1z o (Z14,,) = (1p o Z)1a,, for every i, j
and random variable Z taking values in [0,1]. Since 1 -1 5 0 X and 1y, o X are
Ji

o(X)-measurable, we have

E [(1751(3) o X) T, | X] _E [(1%1 ) © X) 17,(X)1,, (V) | X}
= (17;1(3)% ° X) E[Lyves | X]

= Ko(X, J;) <17]§-1(B)ﬁ1i o X> a.s.

Thus, Kc(s,B) =E[lgoY | X =s] = ZZKC(S’JJ>17;;1(B)OI¢<S) a.e. s.

j=1 i=1

10



2. Let y € J, and s € I; so that y = y® and s = s@. Then Ke (s, (ck,y]) =
Ke (s, Jk) ]l(ai o] (s) if v is increasing,

K¢ <S7 ‘]k) 1 ~((c (S> -
Vi ((crsy]) Ke (s, Jy) :H'[$(i)7bi) (s) if vk is decreasing.

3. K¢ (s(Z Z KC + K¢ (s() (ck y( and E gives the desired
JJ-<Jk
result.

4. If yii(s(y) < y® then we have sy < 5, (y™) or sy > 5, (y*)) provided that vk

is increasing or decreasing, respectively. This implies by E that

Ko (36), ( = > Kes = Ko (56, (0,mi(50))])

J;=Jk
= Kc | s@), U (0,75i(s(3))]
Ji=Jg
The latter statement can be shown similarly. [
Lemma 7. Let random variables X and Y be uniformly distributed on [0,1] such that

a(X) = B(Y) a.s. and C the copula of X,Y for some o, 8 € Tp. Then, for k € N and
a.e. s €[0,1],

1
Z |a ) s Jr) = B®Y| where a(s) = B(r). (4.2)

Proof. Let A,(t) = (t—2,t+2)N[0,1], where n € N, which shrinks to ¢ = af(s)
nicely. Since a € Jp, the event B,(t) = {«a(X) € A,(t)} can be decomposed as
Uty {X € o '(A,(t))} and by Theorem B, for a.e. t,

PY € Jp|a(X)=t)= lim P(Y € Jy | B,(t))

n—00

= lim
n—oo

0
= E lim
n—oo

i=1

ZP(Y € i, X € a; (A1)
2 P(Bn(t))

P(Y € Ji | X € o] (AL(1))) -

Since X ~ U(0,1) and o is measure-preserving, P (X € a; '(A,(t))) =
and P (B,(t)) = X (a ' (A,(t))) = A (A,(t)). Therefore, by Theore E or a.e. t

. P (X € oy '(Au(t))) NI AES S
n1—>oo P (B,(t)) (o) @ o (s@)] |/ (s@) |

As the sequence «; '(A,(t)) shrinks nicely to s as n — oo, we have by Theorem B that
P(Y € Jp | X € a; ((A,(t)) = P(Y € Ji | X = s3;y). Hence, P(Y € J | a(X) =1t) =

11



> IP’ YEJk|X—8(Z)>
=1 ())l

. Since a(X) = B(Y) a.s. and B(r) = a(s) = t, we have

2 P(Y €S|V =70
P(Y€EJ |aX)=t)=P( € J, | BY Z e,gfkio)y )

j=1

where a similar argument as above was used in the second equality. Finally, as it is clear

. = 1 1
that P(Y € J, | Y =70 = -,Weobtaing P(YeJ, | X=s4)=———
e 2 Tl €I IX=00) = fmy
as desired. O

For almost all s € [0,1], we let ¢ € [0,1] be such that a(s) = B(t). Also, we define
P(s):={0,1} U {,um,u;}neN and Q(s) := {0, 1} U {n,, nz}neN‘
Lemma 8. Let C' be the copula of U(0, 1)-random variables X,Y such that a(X) = 5(Y)

a.s. for some o, € Ip. For each s € I, define the function Ay on P(s) x Q(s) as
follows. If w € {0,1} orv € {0,1} then we set Ay (u,v) :=u-v. Otherwise, we define

Aags) (u; v ‘Z!% s)| Ko (S(l U[Oﬁjl(S)])- (4.3)

]EJ’U

Then Aqs) s a subcopula on P(s) x Q(s). By bilinear interpolation, each subcopula
Aqsy can be extended to a copula. Also, by setting Ay and Ay to be any copulas, we
have constructed a collection A := {At}te[m] of copulas associated with a given implicit
dependence copula C = C(xy) for which X,Y ~U(0,1) and o(X) = B(Y) a.s.

Recall the definitions of Z,, and [J, from Remark (3) with the border cases defined by
Zo = Jo:= @ and Iy = J, := N. Then the equation (@) also holds for the case u =0
or v =0 if we adopt the convention that an empty sum is 0 and an empty union is &,
respectively. In addition, for the case u =1 or v =1, the equation (@) still holds using
Lemma B and Lemma B(Q ), respectively.

Proof. It remains to show that A, has 2-increasing property. Let u;,us € P(s) and
v1,v2 € Q(s) be such that u; < ug and vy < vy, For £ =1,2, Ay(s) (U2, ve) — Aas) (1, ve) =
1 Sicznz, 00 (91 Ko (6 Ujeg, [0,7951(5)]) - Thus,

Vi (s x o)) = i 3 Jab@lke (s U () (ral) ()]

O |
ug \Luq ]6\7112\;71)1 kEJvl

which is clearly positive. [

Lemma 9. Let C be the copula of U(0, 1)-random variables X,Y such that a(X) = p(Y)
a.s. for some o, € Ip. If Ay, t € [0,1], are copulas defined in Lemma B, then for
z,y €I, A (2Ce n(x,t),02Ce 5(y, 1)) is measurable in t € [0, 1].

12



Proof. For s € Iy, let u(s) := 0Ceo(z,a(s)) and v(s) := hC.p(y, a(s)), whose values
are in P(s) and Q(s), respectively. By Remark @(B), u(s) and v(s) are Borel functions of
s. For each n € Q)(s), since vj1(s) < d;, Lemma B(@) yields K¢ (5(i)>Ujej,,(0=7j1(5)]> =
K¢ <s(i),U i jn(O,de, which is measurable in s because s(; is a Borel function of s.
So Aus)(1,m) is measurable in s for (p,n) € P(s) x Q(s), and hence for (u,v) € [0,1]
as Aa(s)(u,v) is a bilinear interpolation of Ay (t,7)’s. Consequently, the composition
Aa(s) (02Cc.q (2, a(5)) ,0:Cc g (y, a(s))) is measurable in s. Using a change of variable
t = a(s), the proof is complete. ]

Theorem 10. Let random variables X,Y ~ U(0,1) be such that a(X) = B(Y) a.s. for
some o, 8 € Ip. Then there exists A = {At}te[o,l] C € such that Cixy)y = Cea ¥4 Cpe.

Proof. Putting A := {At}te[o,l] as defined in Lemma E, we have, using Lemma Q, that

1
Ce,a *A Cﬁ,e (Ia y) - / At(aQOe,oc (l’, t)7 8206,6 (ya t)) dt
0

= / 1]0/(5)|Aa(s) (u(s),v(s)) ds, (4.4)

ai

where u(s) = 02Ccq (z,a(s)), v(s) := 02Cc5(y,(s)) and the last equality uses the
change of variable t = a(s) for s € I;. Denote C' := C(xy) and K¢ its Markov kernel.
The rest of the proof is devoted to deriving that (@) equals [ K¢ (s,[0,y]) ds which,
by equation (@), is equal to C(z,y). By Remark @(B), if (z,y) € I, x J, then, with
{fip, f1p} = {:“pn“;} and {7, 14} = {77q777;}a for a.e. s € I,

~

u(s) = Mp]l(al,z(l))(s) + ﬂpﬂ(m(l),bl)(s) and v(s) = ﬁqﬂ(al,’yq_ll(y))(s) + ﬁqﬂ(%;ll(y),bl)(s),

. tp if yy is increasing; . ng if 41 is increasing;
where i, 1= and 1), 1=
L < d . L < d .
py, if ay is decreasing, n; if 7q is decreasing.

Hence, by Lemma g, Cea ¥4 Cpe(x,y) becomes

HONES o Yor' (v) ) o by / o
|1 ate Gai)ds [ 106 A G s+ [ 10 (5) A G )
ai T(1) it

a1 ()
(A)
if z1y < vq_ll(y) and

Yor' (v) x(1) by
[ 10 At G ids [ 1)t s+ [ 1) A s
a1 Y1 ) T(1)

®)

if () > ’y;ll(y).

13



Figure 2: z,y considered in Case 1 (left) and Case 2 (right) where 3’ = 'yq_ll (y).

Case 1 z() < 'yq_ll (y): By (A), Cen x4 Cpe(x,y) equals

(1)
/ S lah@)IKe [ 5w, | 10,9()] | ds

“ ey, J€Tng

/'qu Z ’Oézl |KC S33); U [077]'1(5)] ds

Z(1) (IS ]Ejﬁq
o[ S leie 0. U 00 | as
Tq1 lEZ‘up JE€Tnq
Z/mlm OMHZ/ 6 (5) Ko, [0.3])ds
’LEI zeI (1)

+Z/ |y (8)| Ke(56), [0, y])ds

1€L5, qu )

i Ve ¥) b;
=S [V Ko 0.ds+ S / Ko(s, [0,y])ds + > Kc(s, [0,y))ds

i€y, VY i€, ¥ T i€y, 7q_z'l(y)
;1 inc a1 inc a1 inc
’qu
—i—Z/ Ke(s, [0,y ds+2/ 5,10,y ds—i—Z/ 0,y])ds
i€Ty, Y0 i€y, Vai' i€y, Y%
i1 dec [e 731 dec a;1 dec
= /KC Oyds+Z/KC Oyds+/KO [0, 4]) ds
’LEI % zEI i
il 1nc il dec

_ /0 Ko(s, 0, y])ds

The second equality holds because of the following reasons.

 In the case 7, is increasing, we use v, = Y41 © aq; and Remark @(E) to show that

14



for s € (al,vq_ll(y)), sa) = aii(s) < aiwq_ll(y) = 'y(;l(y) or S(j) > 'y;(y) if oy is
increasing or decreasing respectively. Both situations lead to v (su)) < y. Thus by
Lemma H(@),

Ko (s, [0,9]) = Ko | sa), | 0,76(s0)] | = Ko [ 5@, [ 0,71(5)]

J€ETng SVOP
« Likewise, for s € (7' (y), b1), we have
KC (S(i)v [079]) = KC S(i), U [077]1(8)] = KC S(i)> U [077]1(8)]
jEJn?]« J€Tiq
« We can verify in the similar way for the case v, is decreasing.

Note the changes of variable s;) = ayi(s) for i € 7,, performed in the third equality.
While the next to last one follows from the assumption of a;.

Case 2 z(;) > vq_ll(y): By (B), Ceo %4 Cge(x,y) equals

Yo ()
L7 Sleh@ike (s U 0] | ds

i€y, J€Tng

(1)
<[ Sl (so. U D)) s
:

jlelq

/ S o) Ee [ 56, U 0.950()] | ds =T2 + T+ Ty,

1) i€z, JE€Tng

By a similar argument as used in the previous subcase, we have

T, = Z/%Z s,[0,y])ds + Z /_1 [0,y])ds,

ZEI zeI 7qz
g 1nc (751 dec
’Yq,
ngz:/_1 s,[0,9]) ds—{—Z/ 0,y])ds, and
zeI zEI
g 1nc (751 dec
Z(3)
T= Y / Kool ds+ Y [ Kos.lo.gl)ds
’LEI Z (1) ZEIﬂp @i
;1 1nc a;1 dec

Thus, Ce o %4 Cpe(z,y) = / K¢ (s,]0,y]) ds as desired. Note that the proof above still
0
holds in the case that Z,» = &. So we finish the proof. [
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5 Examples

Example 11. Let T = [t;j|mxn be a transformation matriz, i.e., i) all entries are nonneg-

ative; i) the sum of all entries is one; i) every row and column has at least one nonzero

k n L m
entry, with partitions P = {ak = Z Ztiﬂ} on the x-axis and Q) = {bg = Z Ztij}

=1 j=1 j=1 i=1
on the y-axis. Then the checkmin copula generated by T is given by

i=1 j=1
—a _ —bi_
where £e) =min { ZZ0 1 b1 (o) and Gy () = win { L2 1) 0,0,
a; — Q;—1 ’ bj _ bj—l j—1,
L . r—ai—1 Y- bj—l
Note that on I; x J; := (a1, a;) % (bj_1,b;) for whicht;; # 0, we have =
a; — Aj—1 bj — bj,1
a.s. Hence
- T — a;—1 - Y—05-1
= E ——— d = —1,.(y).
a(z) 2o, —ar n(x) and B(y) - b, — by, 1Y)

Moreover, for each s € (0,ay),

k
* Hk = Z |a S(i)) ;(ai —a;_1) =ag forallk=1,2,... ,m; and
‘ . ' .,
©es —b,wheret——s oralll =1,2,.
" ;W’(t 2 bj—1) = be . f

e Note that K¢, (u, [0,v]) = 0,Cr (u,v) for a.e. (u,v) € I*. Thus, by Lemma B(E,),
forany k€ {1,2,...,m} and £ € {1,2,...,n},

Koy (s, [0,701(s)]) = KcT( ):[0,be]) = 01Cr (519, be)

- Zzt” S(k> S(k ) G (bﬁ))

=1 j=1
(k) — Ak—1
-3, M)+ Do ()
o1 =1 k k—1
1 l

From information above, we have the subcopula A is given by

Sl

A a(s) (aka b@

()| Ker (s, [0,70(s)])
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—ay i (ai _aai‘l) <az~ _1%_1 itij) - iZt]

i=1 1
Note that both the domain and the function values of A,y are independent of s. Therefore,
all Ayesy can be chosen to be the same copula A whose value at (ag, be) is SOF_, Z§=1 tij,
and so Cp = Cgq ¥4 Cpe.
0.2 0.05 0.05 0
The figure below shows the support of Cp,Ce o and Cg whereT = | 0 0.25 0.15 0
0.05 0 0.05 0.2

|

|

! x 0 B(y)
0 025 055 08 1 0 025 0.55 0.8 1

Figure 3: Support of copulas Cr, C, , and Cj ., respectively.

1
Example 12. Let f(x) = 1—v/1 — 22 wherexz € I and C(x,y) = min {m, Yr 5 (xQ + y2) },
for (z,y) € I?, be a copula with supp(C) = Gy UG -1 where Gy, denote the graph of h.

/—

Figure 4: support of C, C, , and Cg . respectively.

By [14], we have for any n € Z,

eton [ (o (3). atw=r(ow)
(5

wedi= [ (5). 2 (3)) 0 80 = (),

where y(t) = A (U 2 [fz (%) ,t)) forte [fQ (%) ,%] as in the figure . Note that

nez
for any s € Iy and t € Jy with a(s) = B(t), i.e. s = f(t), u: = pinr1 and ) = Ny for

all n € Z. Moreover, for any s € Iy,

1 1 -
° Mk—z ]a’(s(-)]_ of (f2(s) - Z ~2i) f22 )) - and

17



Ji=Je

=3 oy Zﬁ’ Zoh Zf f2j(t))'

e By Lemma B(E,), for any k,l € Z,

Ko [ sw | 0.90(5)] | = Ko (s, 0, 700(5)]) = Ko (S"“)’ [O’f%_l (%)D

Ji=Jp
20—1 1
= 0,C (S(k),f (5))

L ifsa < f7(3)
=sw I F(3) <sw < 2 (3);
0 ifsw>f*7(3)

1 if k>0
=y Sw-1) ka‘ =/ — 1;
ﬁ ifk<tl—1.

From information above, we have the subcopula A, is given by

Aa) (e 1) | > lalo(s) K | s, | 10,70(9)
L=y Ji=Je
=2 1 . S(e—1) 00 1 . .
Zi:k Oé/(S(i)) 0 + O‘/(S(Zfl)) + Zi:f Oé’(S(i)) Zf k < g 1,
= 8(2_1) o0 1 . _ _ .
o (se—1)) + Zi:g a—’(s(i)) Zf k=1 1,
F20-2(g .
et (ng()s)) if k<

which can be represented by the infinite matriz A, below where are = Aa(s) (fti; 1e) for all
k.l e Z.

+— k
2 1 0 1 2
% t o p—1 P2 Sl 2
i i 1o pt =
Ag=1|... o i o uo+% uo+a,{f;§2)) .| 0
2 M1 m+ o H1 + /(s) M1+ ’?5)
pa gy bt {2%$> pot gy mf$$> ] 2
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